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ADbstract

This paper presents and examines an extension of the generalized Hunter-Saxton equation to higher order of dispersion. The
mode! in its classical form is defined as, Yy, = YV + Y2 + €Yyrrr 0 < € < 1. Where the dispersivelregularizing high-order
term added to the model adds to the traveling-wave dynamics over the non-dispersive case. We measure the effects of the
fractional-time by looking at time-fractional analogs of three standard operators the modified Riemann Liouville derivative, the
-type derivative and the M-truncated derivative and show that the fractionalization changes the effective traveling-wave variable
and introduces observable changes in the localization and propagation of waves. In order to unify retention of nonlocal memory
effects, we also propose a distributed-order time-fractional correction where the time operator operates on the slope field Y,,

D, (@ (Yy) =YYy + Y2 + £Yyrnx , Because Caputo-type distributed-order operators contain history integrals that cannot be
directly addressed using standard automatic differentiation, we introduce a separation-of-variables physics-informed neural
network (SVPINN) model that parametrizes the distributed-order correction by a trainable surrogate model. Lastly, numerica
diagnostics of the related reduced dynamical system display high sensitivity to initial perturbations, limited transverse
oscillations in some regimes, a non-isolated equilibrium manifold that causes switching between neutral drift, center-type
oscillations, and saddle-type behavior. On the whole, it can be concluded that fourth-order dispersion and fractional-time
processes and, to a great extent, distributed-order memory significantly add to the qualitative dynamics of Hunter Saxton-type
model.

Keyword: Dispersive Hunter-Saxton eguation; Traveling waves, solitons, SVPINN; physics-informed neura networks;
Sensitivity and stability anaysis.
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INTRODUCTION

The Hunter Saxton (HS) equation holds a pivotal place in the analysis of the nonlinear wave
propagation, especialy in nonhomogeneous continuous media. It occurs as a natural consequence in
the modelling of the orientational dynamics of nematic liquid crystals, in which it models the dynamics
of the director field under the combined influence of elastic deformation and inertia [1]. In addition to
its physical applicability, the HS equation has been of particular interest because of its unique
analytical and geometrical form. Specificaly, it has a geometric interpretation as a geodesic flow on the
right-invariant Sobolev metrics of suitable configuration spaces, and it has very strong nonlinear
behaviors, such as finite-time gradient blow-up, and the appearance of cusp-like singularities [3,4].
Bressan and Constantin [5] formulated a basic well-posedness theory and built global conservative and
dissipative weak solutions based on the tools of optimal transport. Additional properties of stability and
unicity can be interpreted in the larger generalized Proudman-Johnson system where the HS equation is
aspecia case[6].
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The generalized HS equation is a natural extension of the classical theory, with the nonlinear
structure of transport maintained, but allowing a more flexible set of dynamical behaviors. Another
characteristic of this generalized model that is of special significance is the richness of it in terms of
integrability. The existence of a Lax representation and local and nonlocal recursion operators were
defined by Morozov [7], which proved the full integrability. His previous research also demonstrated
that the generalized HS equation is tangentialy the same as a specia Euler Poisson equation and
obtained its general solution by using differential-geometric symmetry techniques [8]. Regardless of
such progress, recent research has indicated that the generalized HS model continues to only admit a
restricted category of traveling-wave solutions and the classical model does not possess strong enough
higher-order dispersive processes to produce actually propagating wave profiles [9]. Such structural
constraint drives the construction of dispersive extensions that can add the related wave dynamics.

We suggest and discuss a fourth-order dispersion extension of the generalized Hunter-Saxton
model by adding a higher-order spatial dispersion term and to capture the effects of multi-scale
memories, we substitute the classical time time-derivative of the slope field by a distributed-order
Caputo time-derivative. In particular, we take into account the distributed-order dispersive Hunter
Saxton formulation [9]:

DY) = Wy + B(N)? + ey £ K 1, )
Where the distributed-order operator is defined by
D @q(x,t) = f; w(@)§DEq(x,t)da @

with w(a) >0 and f01 w(a)da < . This is a natural choice since the initial equation can be
expressed as an evolution equation of u = Y,., and an operator which is a distributed order can simply
be extended to u, to produce a multi-scale memory operator. The single parameter S isimportant in the
determination of the qualitative dynamics of the emerging traveling-wave characteristics. The addition
of the fourth-order dispersive term essentially changes the analytical form of the governing equation,
thus alowing truly propagating traveling-wave profiles that are not allowed by the classical (non-
dispersive) moddl. In addition, when ¢ is smal, either in the vanishing-dispersion limit ¢—0, the
extended equation smoothly reduces to the standard generalized Hunter Saxton equation, and the
related families of solutions degenerate to the aready known stationary traveling-wave branch. This
restrictive act proves the consistency of analytical scheme of the suggested dispersive extension.

To clarify the terminology associated with the fourth-order spatial term, we consider the
linearized local dispersive core of the model. Let

u(x,t) =ug +n(x,t),Inl L1,

where u, is a constant background state. Neglecting all terms that are quadratic or higher order in 7,
the nonlinear Hunter-Saxton terms reduce to their linear contribution, while the fourth-order spatial
term remains explicitly present. We then introduce the Fourier normal-mode ansatz

n(x,t) = feitx=en,

Consequently,

0xn = (ik)"n, 0n = —iwn,

and the linearized governing equation yields a spectral relation of the general form

D(w, k; ugy, €) =0,
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The specific physical interpretation of the fourth-order spatial contributions depends on how it (the k*
term) evolvesin time. If the new frequency w = w(k) which is a function of wave-number k*, is real,
and dependent non-linearly upon k, then each Fourier mode will have a different phase velocity.

_ w(k)
(k) ==

and the corresponding effect is dispersive. In contrast, if w(k) possesses a nonzero imaginary
component,

Im(w(k)) # 0,

the amplitude of the perturbation will be exponentially increased or decreased. In this regard, fourth-
order contributions are related to either linear instability or stabilizing (dissipating) / regularizing
behavior and not purely dispersive. For that reason, through-out the paper the term "dispersive" is used
only when supported by the appropriate linearized spectral relationship. In cases in which the specific
mechanism responsible for the dynamics cannot be identified based upon the differential order of the
gpatial terms, we prefer the use of the term "fourth-order dispersive/stabilizing term,” since the
dynamic function of a fourth-derivative operator can depend on whether the operator is positive or
negative; if placed in an eguation as part of the spatial derivative versus time-evolution; or how the
operator functions within the entire problem.

Fourth-order spatial derivatives arise in curvature- and surface-tension-driven models. In thin-
film dynamics, Y,....., Stabilizes the free surface and regularizes short-wavelength perturbations [10].
Fourth-order operators are also used in structural mechanics and beam theory, where they model
bending resistance, and the transverse response of beams and plates to applied loads [11]. Similar
fourth-order terms can aso be found in phase separation, surface-tension-driven transport and pattern
formation models, where they are usually understood to produce gradient flows which are related to
curvature-dependent energies [12]. One such example is the Kuramoto Sivashinsky equation [13],
where the destabilizing second-order diffusion is counterbalanced by stabilizing fourth-order
dissipation to generate complex, but bounded spatiotemporal dynamics. Taken together, these
arguments give a definite physical and analytical explanation of the need to implement the fourth-order
dispersivetermY,.,,.., into the generalized Hunter-Saxton model.

In science and engineering, modeling and solution of complicated physical systems in an
efficient way are till crucial issues. Classical numerical methods, like finite element and finite
difference methods, may have practical constraints when used to large-dimensional problems or
domains with complex geometry and boundaries where computational cost may rapidly increase, and
repetitive solves are needed to study parameters, to solve an inverse problem, or to estimate
uncertainty. Physics-inspired neural networks (PINNSs) [10] have been inspired by recent developments
in machine learning, especially the high-capacity function approximation based on deep learning, and
put governing equations and physical constraints directly into the objective of the training process,
providing an aternative data-efficient simulation and inference paradigm.

PINNs have since been quite successful in a broad application to fluid mechanics
[11,12,13,14], solid mechanics [15,16,17], heat conduction [9,10], and materials science [18]. Many
improvements have been suggested to enhance accuracy, robustness and convergence. In the modeling
front, these are network architecture modifications [12,13,14,15,16], integration of the attention
mechanisms [17] and adaptive learning methods [18], better loss constructions and balancing schemes
[19,20,21,22], and optimized training strategies and protocols [23,24,25]. Problem-structure Problems
can be better captured by methods like domain decomposition [26,27], by the addition of more physics-
based constraints [28,29,30], to improve localized features, reduce spectral bias and improve overall
generalization and computational efficiency.
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We also propose a physics-informed learning model (separation-of-variables PINN) to solve
the distributed-order, dispersive extension of the generalized Hunter Saxton model to analyze the
equations in a form beyond closed-form traveling-wave reductions. The point is that the distributed-
order Caputo operator can be redefined as a surrogate of the kernel based on a variable separation,
which will alow the distributed-order derivative to be computed directly as a part of the neural -
network training cycle, instead of relying on a fixed numerical discretization of the underlying history
integral. This offers a data-driven pathway to the proposed nonlocal-in-time model that conserves the
physics governing it with residual -based constraints.

Stability and sensitivity properties are often the determining factors of the qualitative behavior of
nonlinear evolution equations particularly when the equation is high-order in space, and high-order in
time (high-order in time, high-order in space). Basic equilibrium stability, invariant bifurcation,
Lyapunov and sensitivity with respect to initial data and parameters are systematically developed in the
classical book of Khalil [22]. Wiggins [23], Strogatz [24], and Az-Zo'bi et a., [25,26] introduce
complementary geometric and topological perspectives on the dynamics of phase-space bifurcations
and chagtic attractors. The deterministic chaos and globa dynamical structures have been thoroughly
treated by Cvitanovic et a. [27].

The current analysis is based on the SVPINN equation approach presented in [28], which offers a
single analytical approach incorporating classical reductions, such as Riccati-, Bernoulli-, and linear-
type auxiliary equations. Through a traveling-wave transformation, the proposed dispersive Hunter
Saxton model can be ssimplified into a nonlinear ordinary differential equation (NODE) and new
families of exact single-wave solutions can be built. These solution classes consist of trigonometric,
hyperbolic, exponential and similar closed-form structures, which occur under certain parameter
regimes (that is, when certain values of 0 are selected). In addition, driven by the increased importance
of a fractional calculus as a model of memory and hereditary effects in complex media
[29,30,31,32,33], we solve the model in time-fractional contexts, where the classical time derivative is
replaced by the modified Riemann Liouville, beta and M truncated derivatives, and monitor the
resulting modifications using the corresponding traveling-wave reductions. Lastly, we supplement the
exact-solution analysis with a qualitative exploration of the reduced NODE, pointing out the most
significant dynamical effects of the dispersive extension of the equation of state to be proposed,
namely, Eq (1). The principal contributions of this work are as summarized as follows:

We introduce a fourth-order dispersive generalization of our generalized Hunter Saxton model, and
derive its distributed-order time-fractional form by replacing u = Y, yielding D’ @ (Y) =YY, +
B(Y,)? + &Yy With0 < £ < 1.

We explore effects of time fractionality with three typical time fractional operators (modified
Riemann-Liouville 8 -type, and M-truncated derivatives) and show that the effective traveling-wave
variable is altered by fractionalization, resulting in operator-dependent changes in wave localization
and propagation.

We come up with a formulation of SVPINN on the distributed-order model that does not prescribe a
fixed discretization of Caputo-type history integrals by using auxiliary network outputs and a
separable surrogate representation of the distributed-order term, and an extra physics-based
consistency constraint.

We give quantitative information and diagnostics, such as SYPINN benchmark tests with closed-
form traveling-wave profiles (Setup-B) and sensitivity/stability studies of the resulting reduced
dynamics, with much dependence on initial perturbations and regime-dependent transverse
behaviors.
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The SVPINN Framework for the Distributed Order Dispersive Hunter-Saxton
M odel

Here, a separation-of-variables physics-informed neural network (SVPINN) approach to solving
the distributed-order time-fractional version of the fourth-order dispersive Hunter-Saxton-type model is
introduced. The major problem in this context is that Caputo-type fractional operators have history
integrals that cannot be determined using the automatic differentiation on its own. The SVPINN gets
around this challenge by providing a separable surrogate representation of the fractional kernel and
training the neural network with additional auxiliary outputs to allow the distributed-order operator to
be learned during the training process, as opposed to approximating it a priori by a fixed discretization
scheme Let Y(x, t) be the unknown field and define the slope variable

u(x, t):= Y, (x, t) ©)

The evolution term Y,,, can be expressed in the form of w,. in the classical dispersive model. In order to
achieve multi-scale memory effects, we substitute the classical time derivative of u with a distributed
order Caputo operator. The model obtained is

D:U(a)(u) =YY, + ﬁuz + Yy U = Yy (4)
where the distributed-order operator is defined by
D @u(x,t) = [ w(@§Dfulx, t)da (5)

and w(a) is a weight function, which is nonnegative and satisfies fol w(a)da < . The Caputo

derivative has a history integral whose kernel is a function of time ¢, integration variable n, and order
a. To enable the distributed-order contribution to be represented in a trainable, differentiable form,
SVPINN proposes a separable surrogate of this kernel. In particular, we estimate the distributed-order
term on u by

DY @u(x, t) = T(x, )P (x, t)Co, (6)

where T (x, t) and Y (x, t) are unknown auxiliary fields represented by neural networks, and C,, which
is a constant only determined by the weight function w(a) (calculated once by quadrature). This
representation changes the numerical approximation of the distributed-order operator to a data-driven
learning process. In order to make the auxiliary field ¥ (x, t) consistent with the physical meaning of
the contribution of the fractional history, SVYPINN provides one more constraint (characteristic-type
relation) between the field i to the time derivative of u. Thisis a constraint imposed as an additional
physics-informed task when training. We use only one multi-output neural network.

[Yﬂ (x' t)' 1/)19 (x' t)' T19 (x' t)] (7)

with trainable parameters ¥. Spatial and temporal derivatives of Yy (such as Yy », Yi xxr Yoo xaxx, @8N0
at(Yﬁ,X)) are computed by automatic differentiation. Using the SVPINN surrogate for the distributed-
order term, we define the governing-equation residual

O 69) = Ty (t, 0P (6 )C — (Yo¥oux + B (Vo) + ¥ ua) ®

Moreover, we add auxiliary residual that enforces the SVPINN consistency constraint between 4 and
the time evolution of uy = Yy ,, denoted by

g(x,t;9) = (auxiliary consistency condition ). (9)
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This auxiliary expression gives a regularizing physical constraint which stabilizes the training and
enhances convergence in learning the distributed-order operator. Assume collocation points in spatio-
temporal domain, and assume that. Let {(x/, t;)}ivzfl are the collocation points, and that the boundary
and initial data are represented by {(x%, t1), Y(x%, t)}1 represent boundary and initial data. The total
SVPINN lossis defined as

L(9) = Lr(9) + Ly (9) + L, (9), (10)
Where:

L) =530 [ :9)" 1o(9) = 317, |9( 10| (a)
Lu(®) = 3- 2% Yo (el t) = Yl t1)]° (12)

The network parameters § are trained to produce a minimum of L(¥9), which is usually trained in two
phases (e.g. using Adam pretraining and then L-BFGS refinement). After being trained, Yy (x, t) gives
the SVPINN approximation of the solution field. Traveling-wave solutions that were found in the
classical dispersive environment are still useful in the current framework in their closed-form. They
could be utilized to produce convergent initial/boundary traces and reference profiles to numerical
benchmarking (e.g., "Setup B" experiments), which offer a controlled validation pathway of the
distributed-order SVPINN solver, especially not near singular sets. we obtain, e.g.:

e Generalized Riccati equation:

Y'(§) =R+ P¥(E) +Q¥()?2%Q #0. (13)

e Bernoulli equation:

Y'(§) =PP() + Q¥ R =100 #0. (14)

e Linear ordinary differential equation:

Y'(&)=R+P¥(),Q=0. (15

Algorithm: The SVPINN

Input: Spatial domain Q, = [Xmin, Xmax), timeinterval [0, T], weight function w (&), parameters g and
.. . . . . P ] Nf . i i Nb

0 < & « 1, training sets of interior collocation points {(x}, t;)} ’ and IC/BC points {(x;, t{,)}]_zl.

Output: SVPINN approximation Yy(x, t) and slope uy(x,t) = 9, Yy(x, t).

1. Multi-output network. Construct a multi-output neural network
[Yo(x, 1), o (x, 1), Ty(x, )]

and define uy(x, t) = 9, Yy(x, t) using automatic differentiation.
2. Separable kernel surrogate. Represent the Caputo kernel by a separable approximation

(Et—m)™ = Ty(x, O N ()A(a)

where V(1) and A(a) are chosen basis functionsand T is learned.
3. Auxiliary history feature. Define the history feature associated with the time derivative of the slope:
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Po(x,t) ~ [ N()dyus(x,m)dny

4. Distributed-order constant. Precompute the scalar

_ 1 o(@
Co=J, r(l_a)c/l(a)da

once (e.g., by numerical quadrature).
5. SVPINN representation of the distributed-order operator. Approximate the distributed-order
derivative by

D @uy(x,8) = CoTo(x, )Py (x, )

6. PDE residua for Eq. (1). Construct the PDE residual
Rppe (X, £;9) = C,T 9 (X, P (%, t) — (Yg0yx Yo + B(0xY9)? + €0 yxxYp)

7. Auxiliary residual (consistency of ¥, ). Enforce Step 3 through
Raux (%, 69) = Yp(x,8) = [ N ()81 (x,7)dn

8. Totd loss. Definethe training loss

N s 2 N P 2
L(ﬂ) = Apde Nifzizfl |RPDE (x;' t;: 19)| + laux Nifzi=f1 |Raux (x;’ t;; 0)' + £IC /BC’

where L, 5 enforcestheinitial and boundary conditions.

9. Training. Minimize L(99) using Adam pretraining followed by L-BFGS (or L-BFGS alone) until
convergence.

10. Prediction. Output Yy(x, t) and uy(x, t) = 3, Yy (x, t).

Analytical Solutions and Visualization

1. Analytical solutionsand traveling-wave reduction

We take the standard traveling wave as the ansatz in order to study coherent wave structures.
§=K(x—wt),Y(x,t) =P() (16)
where k # 0 isascaling parameter and w is the wave speed. Define the slope variable

u(x, t) =Y, (x,t) = k®'(§) @7

In the classical dispersive Hunter-Saxton-type model, one can use the identity Y;, = u, to make the
PDE anonlinear ODE in ¢. the traveling-wave replacement. But in the current work the evolution term
is substituted with the distributed order Caputo operator.

DP (W) = Yy + B(Y)? + ¥prrr € K 1 (18)

So, the reduction must be handled carefully because Dt“’(“) is nonlocal in time.

Reduction of the right-hand side (local spatial terms). Under Y(x,t) = ®(§), the spatial derivatives
become
Y, = k®'(§), Yox = qu:’”(f):yxxxx = K4CD(4)(E) (19

Hence the right-hand side reduces to afunction of ¢ aone:

Yo + B(Y)? + eVuny = K2P()P"(E) + Br?(P'())? + ex* DD (&) (20)
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Reduction of the left-hand side (distributed-order Caputo term). For 0 < a < 1, the Caputo derivative
is

1
ri-a)

§Dfu(x,t) = Jy (= m)~%0,u(x,ndny (21)

Sinceu(x,n) = k®'(k(x — wn)), we have

Opu(x,m) = —Kk*wd" (k(x — wn)) (22)
Therefore

K2w P
§DfuCe, ) = — i [y (6= m) ™ @ (k(x — w))dn (23)

Introduce the change of variabless =t —n (so € (0, t) ). Noting that
K(x — wn) = k(x — wt) + kws = & + kws (24)

we obtain the explicit traveling-wave representation

2ot —agn
EDfu(x, t) = — 1"261-(‘;) Jy s7E@" (& + kws)ds (25)

Finally, applying the distributed-order operator yields

DE@ux,t) = —K*w [} F‘g’l(f‘i) (fy s™*@" (¢ + kws)ds) da (26)
The reduced equation. Substituting the above expressions into Eq. (1) yields the reduced integro-
differential traveling-wave equation

1 t
—szfo %(L ST (E + Ka)s)ds) da = k2P (E)D" (&) + Br2(D'(6))? + ex*dD (O)#(27)

Important implication. This case (as compared to the classica case) is hot an ODE in & on afinite time
interval since the left-hand side is dependent on the entire time history until t and the shifted argument,
¢ + kws. The Physics-Informed Neural Network Based on the Separation of Variables procedure
applied to the local model, in turn, is not applicable to the distributed-order equation directly.
Connection to SVPINN. Thisis exactly where SVPINN comes in: the approach substitutes the explicit
time-history integrals that define the distributed-order operator with a learnable surrogate that contains
auxiliary fields T(x,t) and ¥(x,t), in such a way that the distributed-order evolution can be
numerically solved directly in (x,t) without discretizing the fractional history integral in advance.
Based on this, the traveling-wave solutions calculated on the classicd model are employed
subsequently as benchmarking profiles (e.g., Setup-B boundary/initial traces) to check the SVPINN
solver off-singular sets. The sets of parameters below are specia cases where the generalized Riccati
equation Eqg. (6) is the auxiliary eguation. The families of solutions of the equation of state (6) were
explained in detail in [19-21].

2. Graphical representations

Despite the rational traveling-wave solution in (18) having a closed-form solution, its key
qualitative aspects are most easily discussed by a graphical analysis. As illustrated in Fig. 1, the
traveling-wave coordinate (x — wt), dominates the solution profile, which creates a dispersive-induced
singular structure which is concentrated along the characteristic line, x = wt. The geometry of the
kink is emphasized in the three-dimensional surface plot, as well as the high spatia localization of the
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singular region, and the high spatial localization of the singular region is confirmed by cross sections at
various times in the two-dimensional cross section. The contour representation also underlines that the
steep gradients of the solution are kept within the range around x = wt, which shows how the
dispersive term is added in the fourth order and how the propagating structure is controlled and
confined by that dispersive.

In order to make this rational branch stand out amongst the other precise families which we
have obtained using the auxiliary-equation reductions, we also provide representative solutions which
are obtained using the generalized Riccati setting. These are selected to describe the key qualitative
behaviors that are experienced in the trigonometric and hyperbolic regimes. Specifically, Fig. 2 shows a
localized kink-type soliton of smooth traveling profile, and Fig. 3 shows a periodic (oscillatory)
waveform with repeating singular characteristics. Together, Figs. 13 prove that the SYPINN model
produces families of solutions with highly varying geometry between rational singular kinks and
smooth localized waves and periodic oscillations hence illustrating the richness brought about by the
dispersive extension and the corresponding parameter constraints.

Reference profile: Y= — 1~ 2 (masked near x =t) Cross-sections (masked near singularity)

-100-

-200-

Y(x. 1)

-300-

— t=05
1 — =10
— 15
— t=20

Contour (clipped; masked near x=t)

0.0

-15.0

-22.5

-30.0>

-37.5

-45.0

=525

-4

-60.0

() (d)
Figurel. Singular kink-type profile: (a) 3D surface, (b) 2D cross-sections, and (c) contour
plot. Parameters are as specified.
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Modified (SVPINN-style) kink-type soliton, centered on x = wt (w=1)

Cross-sectional profiles

-0.95

-1.00

-1.05

Yalx, t)

-1.101

-115

-8 -6 -4 -2 0 2 4 6 8

Contour plot

()

Figure 2. Kink-type soliton solution: (a) 3D surface, (b) 2D cross-sectional profiles, and (c) contour

plot.

Modified kink-type soliton (SVPINN-style), centered on x=w t Cross-sectional profiles

-0.95

-1.05

Tz(x,t)

-1.15
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Contour plot

08

0.6

04

0.2

Figure 3. Singular periodic soliton solution: (a) 3D surface, (b) 2D cross-sectional profiles, and (c)
contour plot.

Such numbers clearly indicate that the special solutions are characterized by significantly different
behaviors compared to the rational solution, and thus highlight the richness and flexibility of the
extended Physics-Informed Neural Network Based on the Separation of Variables approach.

3. Fractional mpacts

To extend our analysis, the time derivative in EqQ. (1) is replaced by atime-fractional derivative of order
p € (0,1].

I2Y, =YYy + BYZ + Yppnn L2() = 22, (28)

at

The generalization offers a frame work of flexibility to quantify the effect of fractional order on the
evolution and stability of the solution. The main modeling problems are to distinguish between true
memory effects encoded by nonlocal integral operators that accumulate past states and local fractional
operators that may collapse (to smooth solutions). We are motivated by this difference to propose a
distributed-order Caputo extension and an SVPINN-based computational scheme of the generalized
Hunter -Saxton model of the fourth-order dispersive generalized version.

Yo =YY + B()? + €Yppnnr € K 1 (29)
Let
u(x, t): =Y (x,t) (30)

Then the left-hand side satisfies

Yero = U (3D
and the PDE can be rewritten as

U =YY, + Bu? + ¥ (32
The distributed-order time-fractional operator is defined by

DY u(x,t) = [ w(@)§Dfu(x, t)da (33)
where, for 0 < a < 1, the Caputo derivativeis given by
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1

Cna —
oDfu(x,t) = ra-a)

—q Ou(x,
fy (=m= P dn (34)

The distributed-order operator as a replacement of the classical time derivative u, gives the SVPINN-
compatible model.

DE D) = Yoy + BOGD? + Vs (35)
Equivalently, interms of u = Y,., we write

DE@u =YYy + Buu? + Vo ut = Yy (36)
For verification via manufactured solutions, one may include aforcing term h(x, t) :

DO (N) = YW + (V)% + X + h(x, 1) (37)
This change is applicable to controlled benchmarking but not the formulation. Three time-fractional
derivatives, which include modified Riemann-Liouville derivative (MRLD), [34] beta (BD) derivative,
[35] and M truncated derivative. And distribution is not allowed, except in the case of Open Access
articles. (MTD), [36] are employed. The reason why these derivatives are adopted is that they meet the

key properties of derivatives like linearity, constant rule, chain, product and quotient rule.

Definition 3.1 ([34]). For p € R, Jumarie's modified Riemann-Liouville derivative (MRLD) of order p
isdefined as

1 d (7t g(s)-g(0)
| r(=p)dr 70 (t-s)P+1 ds,

p _) i a i ge-e@
B0 = |y 255005, 0<p < (39

p<O0

(g0 )", 1<k<p<k+1

MRLD is nonlocal in time, and inherently models memory effects because it is explicitly formulated
over thetimeinterval [0, t]. The next property allows one to use the traveling-wave procedure [34]:

pr.8) — _LA+8) _s-p
LT(T )_ T(1+6-p) - (39)

Definition 3.2 ([35]). For p € (0,1], the B derivative of order p is defined by

(t+s(r+ﬁ)1 p)—g (1)

12(g(1)) = lim - (40)
£-0 &

If g isdifferentiable, it reducesto

1P = LYy 41

W =(t+5) 9@ (41)

indicating that SD acts as alocal-in-time operator.

Definition 3.3 ([36]). For p € (0,1], the M-truncated derivative of order p is defined as

JL57 (9(0)) = lim ZUBEEDI290 ) 5 42)

Where:
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. <-i
By @) = Zico gy S € C (43)

isthe truncated Mittag-Leffler function. If g is differentiable, then [36].

ti-p

I F®) = 159 ®) (44)

Then the MTD is also local-in-time with the adopted formulation. The solutions to the equation given
in (15) may be obtained similarly to the solution to the equation in (3.1): using the following fractional

traveling-wave transformations:

3 =
e=x(x=2[(e+) - &) (46)
§ =i (x — 2T 47)

In this case I'(+) is the Gamma function. The fractional traveling-wave variables of the equations are
given by (23)-(25) are respectively equa to MRLD, 8D and MTD. Replacing the desired
transformation by the equivalent transformation to Equation (15) and the associated fractiona
differential properties alower order ordinary differential equation of the same type asin Sec. 3 results.
The steps of the solution procedure include the study in Sec. 3.1. The rational traveling-wave solution
of the adopted equations in the form of the rational fractional derivatives, that is, in (14), is chosen as a
case study to demonstrate the impact of the adopted fractional derivatives. The plots of MRLD, B D,
MTD and the classical case p = 1. In Fig. 4, compares the curves at a specific time t = 1 to give a
direct comparison of the space. Fractional orders p = 0.1 and p = 0.6 are selected to exhibit the effects
of the fractional without too much distortion.

T, (1)

|
1

4t 1 1
1 MRLD p=0.1 MRLD =06 -
1 = = =3D p=0.1 i |= = =p3Dp=06

451 1 MTD p=0.1 MTD $=0.6
wm: 1 |me——— \rho=1 (| 1 Mg b |me—— \rho=1

5 L L
5 0 5 10 15 2 4 6

Figure4. Comparison of the classical and fractional traveling-wave profiles for the MRLD,
B derivative, and M-truncated derivative cases.

The solution maintains its underlying profile under all conditions; thus, in all cases, the intrinsic
structure is preserved. Nonetheless, the traveling-wave variable is changed by the choice of the
fractional derivative, resulting in the spatial displacement of the singular feature. The offsets of MRLD,
2D, and MTD are different to the classics, indicating that memory dependent and local fractional

operators differ in their offsets.
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1. Distributed-order time-fractional extension and SVPINN framewor k

Motivation (distributed-order memory). Classical and single-order fractional-time models use a
single rate of memory decaying, which may be too limiting to complex media. A distributed-order
formulation substitutes the fixed order with a continuum of fractional orders with a weighting of a
nonnegative function, allowing arange of memory time scales (short and long memory) to be included
in the same governing law. Thisis especially so in dispersive Hunter Saxon dynamics, where there can
be many mechanisms that play arole in nonlocal relaxation. Improved model. Let u(x,t) = Y, (x, t).
Since Y, = u;, we replace the classical time derivative u, with a distributed-order Caputo operator on
Y,, to have the SV PINN-compatible model:

D (Y (x,6)) = Y, )Y (3, 8) + B (3, £))? + ¥ (x,£), 8 < 1 (48)
Here, the distributed-order operator is defined by

D;’J(a)u(x' t) — fol

w(@)$Dfu(x, t)da (49)
wherefor 0 < a < 1 the Caputo fractional derivativeis

1
ri-a)

§Dfu(x,t) = - [ (£ =) u(x, n)dn (50)
SVPINN summary. The history integrals of Caputo operators cannot be evaluated by standard PINNS.
We thus consider a separation-of-variables physics-informed neural network (SVPINN) where a multi-
output neural network makes predictions.

[Y(x, 0), Y (x,t), T(x,t)]. (51)

The distributed-order term D;"(“)(Yx) is modeled by a trainable surrogate that takes the form
T (x, )y (x,t)C,, where C,, only depends on the weight function w(a). There is one more physical
constraint that connects i to the time derivative of u =Y, (characteristic-type relation). The PDE
residual, and this auxiliary residual are both enforced in the loss function, along with the imposed
initial and boundary conditions. Numerical experiments. To assess the performance of the proposed
SVPINN framework, we conducted a series of computational experiments examining network
architecture, collocation-point dependence, and Setup-B benchmark accuracy. The corresponding
guantitative results are reported in Tables 1-3.

Table 1. Effect of network architecture on SVPINN performance. Fixed: Nf = 2000 interior collocation
points, Nu = 200 initial/boundary points, 20 000 epochs.

Config Layers Neurons Params L: Rel. MAE CPU (s
Error
N1 2 20 500 3.3659x103  2.6022x1073 11.5
N2 2 40 1,800 1.2403x1072  9.5290x10~* 18.8
N3 3 40 3,400 1.0503x1073  8.5950x10 23.0
N4 3 60 7,500  5.1897x10* 3.9277x10°* 40.5
NS 4 50 7,750  5.9603x10* 4.0789x10°* 35.8
N6 4 80 19,600 2.6951x10* 1.9657x10* 84.7
N7 5 60 14,700 3.7218x10* 2.6402x10* 65.0
N8 5 100 40,500 1.7854x10* 1.3986x10* 144.3
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N9 6 80 32,400 2.2765x10* 1.7883x10~* 114.0

N10 6 100 50,500 1.7348x10* 1.3010x10™* 178.9

There are three performance regimes as seen in Table 1. The shallow-narrow (N1-N3) configuration
produces Moderate accuracy (L, = 1073) because of the lack of representational ability to learn the
wave profile and the separable surrogate at the same time. The middle range (N4-N7) has an accuracy
of Good-to-Excellent (L, = 10™*) at 365-65s CPU. Deep-wide configurations (N8-N10) converge to
Excellent accuracy but offer diminishing returns beyond 4 layers at 2-5x the cost. The recommended
architectureis N6: 4 layers x 80 neurons (L. = 2.695 x 104, CPU = 84.7 s).

Table 2. Effect of the number of training (collocation) points on SVPINN performance. Fixed: 4
hidden layers x 50 neurons, 20 000 epochs.

Config Nf  Nu LEzrlrlgrl MAE Rf_ﬂodsga' c(z)u

T1 500 100 1.9772x102 1.6887x1072 2.1722x10=  14.4
T2 1,000 200 1.3068x1072 9.5545x102 1.4647x102 20.3
T3 2,000 400 6.9577x10 5.4818x107 8.1673x10™*  36.2
T4 4,000 600 4.5579x102 3.5003x10= 4.3398x10™*  62.2
T5 8,000 800 2.7094x107 2.2279x1073 3.0735x10* 111.5

T6 16,000 1,000 1.7245x10= 1.3186x103 1.7802x10™* 237.7

The three closed-form profiles used in the Setup-B benchmark are inherited from the local dispersive
traveling-wave reduction and are employed here as reference profiles. They should not be interpreted
as exact solutions of the full distributed-order Caputo problem. The reported relative L, error and
maximum absolute error quantify the discrepancy between the SVPINN approximation and these
prescribed reference profiles over the evaluation domain; for the singular rational -kink case, pointsin
the excluded singularity region are omitted from the error calculation.

Table 3. SVYPINN Setup-B benchmark errors relative to three closed-form traveling-wave reference
profiles inherited from the local dispersive model.

Solution Wave o(a) L: Rel. M ax CPU
Profile Type Setting Error |Error]| ()
Y1 Uniform

(Rational Singular . 8.4321x10* 1.2734x103  98.3
. weight
kink)

Y2 (Smooth | (o izeq  UNIOM 1 oisgii0+ 27103x10+ 893
kink) weight
Y3 . Uniform ) L

(Periodic) Oscillatory weight 4.2164x10*  6.3841x10 93.6

4. Senditivity and Stability Analysis

That there are closed-form traveling-wave solutions of the local dispersive model does not, of
itself, imply that the distributed-order evolution is stable. In the proposed formulation, the time
operator is distributed-order Caputo memory operator which operates on the slope field u =Y,,
creating nonlocal-in-time dependence and capable of amplifying or damping perturbations across
multiple time scales. We thus consider stability in two complementary perspectives (i) phase-space
diagnostics of the traveling-wave reduction of the local dispersive core (as a baseline dynamical
skeleton), and (ii) sengitivity of the distributed-order dynamics in the full (x,t) domain, as captured
numerically by the SVPINN solver.
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1. Phase-spacerepresentation of the dispersive core

To provide a qualitative baseline for the wave-profile dynamics, we consider the traveling-wave profile
@ (&) associated with the dispersive right-hand side of the model, where & = kx — wt. The resulting
reduced eguation (Eg. (10) in the local setting) is a fourth-order nonlinear ODE. Introducing the phase
variables

X, = CD, Xy = CD,, X3 = CD”, Xg = (D”’ (52)

transforms the fourth-order ODE into the autonomous first-order system

x1=x2
r_
X2 = X3
r_
X5 =X,
(x1+w)x3+PBx2
x, =& 3+Bx; (53)

ex?

The representation is helpful in that it indicates equilibrium manifolds and local transverse behaviors
(center-type or saddle-type) that govern the geometry of nearby trgjectories and thus the robustness of
traveling-wave profilesto perturbation.

2. Senditivity tests (distributed-order memory and SVPINN per spective)

Although system (1) is the dynamics of the profile of the local dispersive core, the complete
proposed model includes distributed-order operator D, @ that creates the multi-scale memory effects.
In order to measure sensitivity in this nonlocal context we carry out perturbation experiments where the
initial slope field u(x,0) = Y, (x,0) (and/or Y(x,0) ) is perturbed by a small amplitude 5, and the
subsequent solutions of SVPINN are then compared over time. Specificaly, letting Y denote a
baseline solution and Y the perturbed solution, we monitor the relative deviation

YO (,H-YO (1)
E(t) = I | “LZ(QX)’ (54)

|Y(0)("t)”L2(ﬂx)+€°

where g, > 0 avoids division by zero and (., is the spatial domain. Rapid growth of E(t) indicates
strong sensitivity of the distributed-order dynamics, while bounded E (t) suggests that the dynamics are
memory-regularized.

3. Numerical integration and reproducibility

To compute numerical trgjectories of the phase space system (1) under a base case condition, the
classical fourth-order Runge-Kutta method (RK4) with fixed step size h=0.1 is used to compute
numerical trajectories of the phase space. The solution of the distributed-order PDE is solution of the
minimization problem of the combined loss consisting of the residual of the governing equati ons and
the auxiliary SVPINN consistency constraint, in combination with the specified initial and boundary
conditions (Section 2). The sensitivity measures are directly computed by the trained SVPINN
surrogate, and alows the stable evaluation of perturbation growth without explicitly discretizing the
fractional history integrals.
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(a) Profile ®(§) — position evolution (b) Slope ®'(§) — bounded oscillations
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Figure 5. Senditivity of the reduced traveling-wave phase system to the initial position.

4. Stability analysis

The distributed-order dispersive Hunter-Saxton model equation (1) includes a multi-scale memory
operator, and a small fourth-order regularization. As the rigorous stability theory of this nonlocal -in-
time PDE is out of the current scope of the current work, we present a qualitative diagnosis of stability
in two senses. Profile (phase-space) stability of the dispersive core. To the local dispersive traveling-
wave reduction, the fourth-order phase-variable profile equation obtained can be expressed in terms of
the self-driven system (53) in the phase variables x; = &, x, = ®',x; = ®", and x, = ®'". Equilibria
satisfy x, = x3 = x, = 0, forming the one-dimensional manifold & = {(x;,0,0,0)}. Linearization
about (x;, 0,0,0) indicates that the transverse dynamics are determined by the sign of (x; + w)/(ek?) :
in one regime, the transverse oscillations are center-type with a neutral drift along E and in the other
regime the transverse oscillations are saddle-type with exponential separation of nearby trgjectories.
This forms the coincidence between the bounded oscillations and the sensitivity to the response as
witnessed in the phase portraits. Stability of evolution under distributed-order memory (SVPINN). In
the complete model based on a distributed-order, the stability is numerically determined by perturbing
the initial dope field u(x,0) = Y, (x,0) (or equivalently Y(x,0) ) by a small amplitude § and
monitoring the error between the unperturbed and perturbed solutions:

YO -0 2

(Qx)’ (55)

IOCOT 20, +eo

E@®) =

where g, > 0 avoids division by zero. Bounded E(t) is a property that shows that the memory
regularized evolution is robust, and rapid growth is the property that shows that it is unstable/sensitive.
In both instances the small €Y, term is a high-frequency regularization, and the observed behavior

106



is a balance between nonlinear steepening, dispersive regularization and distributed-order memory
effects. tendered weight w(a) as specified in Eq. (49).

(a) Profile ®(§) — velocity-driven growth

(b) Slope ®'(§) — decaying oscillations
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Phase portraits of system (35): 2D projections.
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Figure 8. Phase-plane projections of system (35).

Conclusion and Future Work

Here we proposed a fourth-order extension of the generalized Hunter-Saxton framework in the
dispersive form and suggested a distributed-order time-fractional change whereby the Caputo
distributed-order operator is applied to the slope field u = Y,.. The inclusion of the small fourth-order
term (0 < &€ « 1) adds more dynamics to the wave, and offers a high-order regularization behavior, the
distributed-order operator adds the multi-scale memory effects that are not captured by single-order
fractional models. In order to measure the effects of fractional-time, three typical time fractional
operators (MRLD, B-type, and M-truncated derivatives) were compared with the classical case.
Fractionalization changes the effective traveling-wave coordinate, resulting in observable localization
and propagation changes in the solution profiles, although the profiles retain their qualitative shape;
and the offsets vary depending on the operator, illustrating the practical difference between memory-
dependent and local-in-time fractionalizations. We described a separation-of-variables physics-
informed neural network (SVPINN) formulation of the distributed-order model to overcome the
computational challenge of Caputo-type history integrals. With the addition of auxiliary network
outputs and a consistency condition, the distributed-order contribution can be expressed as a trainable
surrogate, without defining an a priori discretization of the history integral. Lastly, sensitivity analysis
and phase-space diagnostics of the reduced profile dynamics demonstrated that it is highly sensitive to
initial perturbations, experiences transverse oscillations that are limited in some regimes and a non-
isolated equilibrium manifold due to nonhyperbolic behavior, al of which gives qualitative information
about stability properties of the proposed dynamics. The present study includes SVPINN computational
experiments assessing network architecture, collocation-point dependence, and benchmark accuracy for
representative traveling-wave profiles. Future work will extend these results through systematic
comparisons with independent reference solvers, ablation studies of the auxiliary consistency
congtraint, broader parameter sweeps, and investigations of alternative distributed-order weight
functions to further quantify the effects of memory parameters on wave evolution and stability.

Data Availability Statement: The datasets generated and/or analyzed during the current study,
including numerical data produced from the mathematica models, are available from the
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corresponding author upon reasonable request. No external experimental datasets were used; all results
were generated using the mathematical models, agorithms, and the MATLAB and Python
implementations described in the manuscript.
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