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Abstract 
This paper presents and examines an extension of the generalized Hunter-Saxton equation to higher order of dispersion. The 
model in its classical form is defined as, Υ𝑡𝑥 = ΥΥ𝑥𝑥 + 𝛽Υ𝑥

2 + 𝜀Υ𝑥𝑥𝑥𝑥, 0 < 𝜀 < 1. Where the dispersive/regularizing high-order 
term added to the model adds to the traveling-wave dynamics over the non-dispersive case. We measure the effects of the 
fractional-time by looking at time-fractional analogs of three standard operators the modified Riemann Liouville derivative, the 
-type derivative and the M-truncated derivative and show that the fractionalization changes the effective traveling-wave variable 
and introduces observable changes in the localization and propagation of waves. In order to unify retention of nonlocal memory 
effects, we also propose a distributed-order time-fractional correction where the time operator operates on the slope field  Υ𝑥, 

𝐷𝑡
𝜔(𝛼)(Υ𝑥) = ΥΥ𝑥𝑥 + 𝛽Υ𝑥

2 + 𝜀Υ𝑥𝑥𝑥𝑥 , Because Caputo-type distributed-order operators contain history integrals that cannot be 
directly addressed using standard automatic differentiation, we introduce a separation-of-variables physics-informed neural 
network (SVPINN) model that parametrizes the distributed-order correction by a trainable surrogate model. Lastly, numerical 
diagnostics of the related reduced dynamical system display high sensitivity to initial perturbations, limited transverse 
oscillations in some regimes, a non-isolated equilibrium manifold that causes switching between neutral drift, center-type 
oscillations, and saddle-type behavior. On the whole, it can be concluded that fourth-order dispersion and fractional-time 
processes and, to a great extent, distributed-order memory significantly add to the qualitative dynamics of Hunter Saxton-type 

model. 

Keyword: Dispersive Hunter-Saxton equation; Traveling waves; solitons; SVPINN; physics-informed neural networks; 
Sensitivity and stability analysis. 
Doi : https://doi.org/10.64943/ljacs.2026.010208  

INTRODUCTION 

The Hunter Saxton (HS) equation holds a pivotal place in the analysis of the nonlinear wave 
propagation, especially in nonhomogeneous continuous media. It occurs as a natural consequence in 
the modelling of the orientational dynamics of nematic liquid crystals, in which it models the dynamics 
of the director field under the combined influence of elastic deformation and inertia [1]. In addition to 
its physical applicability, the HS equation has been of particular interest because of its unique 
analytical and geometrical form. Specifically, it has a geometric interpretation as a geodesic flow on the 
right-invariant Sobolev metrics of suitable configuration spaces, and it has very strong nonlinear 
behaviors, such as finite-time gradient blow-up, and the appearance of cusp-like singularities [3,4]. 
Bressan and Constantin [5] formulated a basic well-posedness theory and built global conservative and 
dissipative weak solutions based on the tools of optimal transport. Additional properties of stability and 
unicity can be interpreted in the larger generalized Proudman-Johnson system where the HS equation is 
a special case [6].  

https://creativecommons.org/licenses/by/4.0
mailto:zena-talal@uomosul.edu.iq
https://doi.org/10.64943/ljacs.2026.010208
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The generalized HS equation is a natural extension of the classical theory, with the nonlinear 
structure of transport maintained, but allowing a more flexible set of dynamical behaviors. Another 
characteristic of this generalized model that is of special significance is the richness of it in terms of 
integrability. The existence of a Lax representation and local and nonlocal recursion operators were 
defined by Morozov [7], which proved the full integrability. His previous research also demonstrated 
that the generalized HS equation is tangentially the same as a special Euler Poisson equation and 
obtained its general solution by using differential-geometric symmetry techniques [8]. Regardless of 
such progress, recent research has indicated that the generalized HS model continues to only admit a 
restricted category of traveling-wave solutions and the classical model does not possess strong enough 
higher-order dispersive processes to produce actually propagating wave profiles [9]. Such structural 
constraint drives the construction of dispersive extensions that can add the related wave dynamics. 

We suggest and discuss a fourth-order dispersion extension of the generalized Hunter-Saxton 
model by adding a higher-order spatial dispersion term and to capture the effects of multi-scale 
memories, we substitute the classical time time-derivative of the slope field by a distributed-order 
Caputo time-derivative. In particular, we take into account the distributed-order dispersive Hunter 
Saxton formulation [9]:  

𝐷𝑡
𝜔(𝛼)(Υ𝑥) = ΥΥ𝑥𝑥 + 𝛽(Υ𝑥)

2 + 𝜀Υ𝑥𝑥𝑥𝑥  , 𝜀 ≪ 1,                                                                        (1) 

Where the distributed-order operator is defined by 

𝐷𝑡
𝜔(𝛼)

𝑞(𝑥, 𝑡) = ∫  
1

0
 𝜔(𝛼)0

𝐶𝐷𝑡
𝛼𝑞(𝑥, 𝑡)𝑑𝛼                                                                                    (2) 

with 𝜔(𝛼) > 0 and ∫  
1

0
𝜔(𝛼)𝑑𝛼 < ∞. This is a natural choice since the initial equation can be 

expressed as an evolution equation of  𝑢 = Υ𝑥 , and an operator which is a distributed order can simply 
be extended to 𝑢𝑡 to produce a multi-scale memory operator. The single parameter 𝛽 is important in the 
determination of the qualitative dynamics of the emerging traveling-wave characteristics. The addition 
of the fourth-order dispersive term essentially changes the analytical form of the governing equation, 
thus allowing truly propagating traveling-wave profiles that are not allowed by the classical (non-
dispersive) model. In addition, when ε is small, either in the vanishing-dispersion limit ε→0, the 

extended equation smoothly reduces to the standard generalized Hunter Saxton equation, and the 
related families of solutions degenerate to the already known stationary traveling-wave branch. This 
restrictive act proves the consistency of analytical scheme of the suggested dispersive extension. 

 To clarify the terminology associated with the fourth-order spatial term, we consider the 
linearized local dispersive core of the model. Let 

𝑢(𝑥, 𝑡) = 𝑢0 + 𝜂(𝑥, 𝑡), |𝜂| ≪ 1,  

where 𝑢0 is a constant background state. Neglecting all terms that are quadratic or higher order in 𝜂, 
the nonlinear Hunter-Saxton terms reduce to their linear contribution, while the fourth-order spatial 
term remains explicitly present. We then introduce the Fourier normal-mode ansatz 

𝜂(𝑥, 𝑡) = 𝜂̂𝑒𝑖(𝑘𝑥−𝜔𝑡).  

Consequently, 

𝜕𝑥
𝑛𝜂 = (𝑖𝑘)𝑛𝜂, 𝜕𝑡𝜂 = −𝑖𝜔𝜂,  

and the linearized governing equation yields a spectral relation of the general form 

𝒟(𝜔, 𝑘; 𝑢0, 𝜀) = 0,  



 

09 
 

The specific physical interpretation of the fourth-order spatial contributions depends on how it (the 𝑘4 
term) evolves in time. If the new frequency 𝜔 = 𝜔(𝑘) which is a function of wave-number 𝑘4, is real, 
and dependent non-linearly upon 𝑘, then each Fourier mode will have a different phase velocity. 

𝑐p(𝑘) =
𝜔(𝑘)

𝑘
,  

and the corresponding effect is dispersive. In contrast, if 𝜔(𝑘) possesses a nonzero imaginary 
component, 

Im(𝜔(𝑘)) ≠ 0,  

the amplitude of the perturbation will be exponentially increased or decreased. In this regard, fourth-
order contributions are related to either linear instability or stabilizing (dissipating) / regularizing 
behavior and not purely dispersive. For that reason, through-out the paper the term "dispersive" is used 
only when supported by the appropriate linearized spectral relationship. In cases in which the specific 
mechanism responsible for the dynamics cannot be identified based upon the differential order of the 
spatial terms, we prefer the use of the term "fourth-order dispersive/stabilizing term," since the 
dynamic function of a fourth-derivative operator can depend on whether the operator is positive or 
negative; if placed in an equation as part of the spatial derivative versus time-evolution; or how the 
operator functions within the entire problem. 

Fourth-order spatial derivatives arise in curvature- and surface-tension-driven models. In thin-
film dynamics, Υ𝑥𝑥𝑥𝑥 ,  stabilizes the free surface and regularizes short-wavelength perturbations [10]. 
Fourth-order operators are also used in structural mechanics and beam theory, where they model 
bending resistance, and the transverse response of beams and plates to applied loads [11]. Similar 
fourth-order terms can also be found in phase separation, surface-tension-driven transport and pattern 
formation models, where they are usually understood to produce gradient flows which are related to 
curvature-dependent energies [12]. One such example is the Kuramoto Sivashinsky equation [13], 
where the destabilizing second-order diffusion is counterbalanced by stabilizing fourth-order 
dissipation to generate complex, but bounded spatiotemporal dynamics. Taken together, these 
arguments give a definite physical and analytical explanation of the need to implement the fourth-order 
dispersive term Υ𝑥𝑥𝑥𝑥 , into the generalized Hunter-Saxton model.  

In science and engineering, modeling and solution of complicated physical systems in an 
efficient way are still crucial issues. Classical numerical methods, like finite element and finite 
difference methods, may have practical constraints when used to large-dimensional problems or 
domains with complex geometry and boundaries where computational cost may rapidly increase, and 
repetitive solves are needed to study parameters, to solve an inverse problem, or to estimate 
uncertainty. Physics-inspired neural networks (PINNs) [10] have been inspired by recent developments 
in machine learning, especially the high-capacity function approximation based on deep learning, and 
put governing equations and physical constraints directly into the objective of the training process, 
providing an alternative data-efficient simulation and inference paradigm. 

PINNs have since been quite successful in a broad application to fluid mechanics 
[11,12,13,14], solid mechanics [15,16,17], heat conduction [9,10], and materials science [18]. Many 
improvements have been suggested to enhance accuracy, robustness and convergence. In the modeling 
front, these are network architecture modifications [12,13,14,15,16], integration of the attention 
mechanisms [17] and adaptive learning methods [18], better loss constructions and balancing schemes 
[19,20,21,22], and optimized training strategies and protocols [23,24,25]. Problem-structure Problems 
can be better captured by methods like domain decomposition [26,27], by the addition of more physics-
based constraints [28,29,30], to improve localized features, reduce spectral bias and improve overall 
generalization and computational efficiency. 
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We also propose a physics-informed learning model (separation-of-variables PINN) to solve 
the distributed-order, dispersive extension of the generalized Hunter Saxton model to analyze the 
equations in a form beyond closed-form traveling-wave reductions. The point is that the distributed-
order Caputo operator can be redefined as a surrogate of the kernel based on a variable separation, 
which will allow the distributed-order derivative to be computed directly as a part of the neural-
network training cycle, instead of relying on a fixed numerical discretization of the underlying history 
integral. This offers a data-driven pathway to the proposed nonlocal-in-time model that conserves the 
physics governing it with residual-based constraints. 

Stability and sensitivity properties are often the determining factors of the qualitative behavior of 
nonlinear evolution equations particularly when the equation is high-order in space, and high-order in 
time (high-order in time, high-order in space). Basic equilibrium stability, invariant bifurcation, 
Lyapunov and sensitivity with respect to initial data and parameters are systematically developed in the 
classical book of Khalil [22]. Wiggins [23], Strogatz [24], and Az-Zo'bi et al., [25,26] introduce 
complementary geometric and topological perspectives on the dynamics of phase-space bifurcations 
and chaotic attractors. The deterministic chaos and global dynamical structures have been thoroughly 
treated by Cvitanovic et al. [27]. 

The current analysis is based on the SVPINN equation approach presented in [28], which offers a 
single analytical approach incorporating classical reductions, such as Riccati-, Bernoulli-, and linear-
type auxiliary equations. Through a traveling-wave transformation, the proposed dispersive Hunter 
Saxton model can be simplified into a nonlinear ordinary differential equation (NODE) and new 
families of exact single-wave solutions can be built. These solution classes consist of trigonometric, 
hyperbolic, exponential and similar closed-form structures, which occur under certain parameter 
regimes (that is, when certain values of 0 are selected). In addition, driven by the increased importance 
of a fractional calculus as a model of memory and hereditary effects in complex media 
[29,30,31,32,33], we solve the model in time-fractional contexts, where the classical time derivative is 
replaced by the modified Riemann Liouville, beta and M truncated derivatives, and monitor the 
resulting modifications using the corresponding traveling-wave reductions. Lastly, we supplement the 
exact-solution analysis with a qualitative exploration of the reduced NODE, pointing out the most 
significant dynamical effects of the dispersive extension of the equation of state to be proposed, 
namely, Eq (1). The principal contributions of this work are as summarized as follows: 

 We introduce a fourth-order dispersive generalization of our generalized Hunter Saxton model, and 

derive its distributed-order time-fractional form by replacing 𝑢 = Υ𝑥, yielding 𝐷𝑡
𝜔(𝛼)(Υ𝑥) = ΥΥ𝑥𝑥 +

𝛽(Υ𝑥)
2 + 𝜀Υ𝑥𝑥𝑥𝑥 with 0 < 𝜀 ≪ 1. 

 We explore effects of time fractionality with three typical time fractional operators (modified 
Riemann-Liouville 𝛽 -type, and M-truncated derivatives) and show that the effective traveling-wave 
variable is altered by fractionalization, resulting in operator-dependent changes in wave localization 
and propagation. 

 We come up with a formulation of SVPINN on the distributed-order model that does not prescribe a 
fixed discretization of Caputo-type history integrals by using auxiliary network outputs and a 
separable surrogate representation of the distributed-order term, and an extra physics-based 
consistency constraint. 

 We give quantitative information and diagnostics, such as SVPINN benchmark tests with closed-
form traveling-wave profiles (Setup-B) and sensitivity/stability studies of the resulting reduced 
dynamics, with much dependence on initial perturbations and regime-dependent transverse 
behaviors. 

 

 



 

09 
 

The SVPINN Framework for the Distributed Order Dispersive Hunter-Saxton 
Model 

Here, a separation-of-variables physics-informed neural network (SVPINN) approach to solving 
the distributed-order time-fractional version of the fourth-order dispersive Hunter-Saxton-type model is 
introduced. The major problem in this context is that Caputo-type fractional operators have history 
integrals that cannot be determined using the automatic differentiation on its own. The SVPINN gets 
around this challenge by providing a separable surrogate representation of the fractional kernel and 
training the neural network with additional auxiliary outputs to allow the distributed-order operator to 
be learned during the training process, as opposed to approximating it a priori by a fixed discretization 
scheme Let Υ(𝑥, 𝑡) be the unknown field and define the slope variable 

𝑢(𝑥, 𝑡): = Υ𝑥(𝑥, 𝑡)                                                                                                                      (3) 

The evolution term Υ𝑡𝑥 can be expressed in the form of 𝑢𝑡. in the classical dispersive model. In order to 
achieve multi-scale memory effects, we substitute the classical time derivative of 𝑢 with a distributed 
order Caputo operator. The model obtained is 

𝐷𝑡
𝜔(𝛼)

(𝑢) = ΥΥ𝑥𝑥 + 𝛽𝑢2 + 𝜀Υ𝑥𝑥𝑥𝑥 , 𝑢 = Υ𝑥                                                                               (4) 

where the distributed-order operator is defined by 

𝐷𝑡
𝜔(𝛼)

𝑢(𝑥, 𝑡) = ∫  
1

0
 𝜔(𝛼)0

𝐶𝐷𝑡
𝛼𝑢(𝑥, 𝑡)𝑑𝛼                                                                                    (5) 

and 𝜔(𝛼) is a weight function, which is nonnegative and satisfies ∫  
1

0
𝜔(𝛼)𝑑𝛼 < ∞. The Caputo 

derivative has a history integral whose kernel is a function of time 𝑡, integration variable 𝜂, and order 
𝛼. To enable the distributed-order contribution to be represented in a trainable, differentiable form, 
SVPINN proposes a separable surrogate of this kernel. In particular, we estimate the distributed-order 
term on 𝑢 by 

𝐷𝑡
𝜔(𝛼)

𝑢(𝑥, 𝑡) ≈ 𝑇(𝑥, 𝑡)𝜓(𝑥, 𝑡)𝐶𝜔,                                                                                              (6) 

where 𝑇(𝑥, 𝑡) and 𝜓(𝑥, 𝑡) are unknown auxiliary fields represented by neural networks, and 𝐶𝜔 which 
is a constant only determined by the weight function 𝜔(𝛼) (calculated once by quadrature). This 
representation changes the numerical approximation of the distributed-order operator to a data-driven 
learning process. In order to make the auxiliary field 𝜓(𝑥, 𝑡) consistent with the physical meaning of 
the contribution of the fractional history, SVPINN provides one more constraint (characteristic-type 
relation) between the field 𝜓 to the time derivative of 𝑢. This is a constraint imposed as an additional 
physics-informed task when training. We use only one multi-output neural network. 

,Υ𝜗(𝑥, 𝑡), 𝜓𝜗(𝑥, 𝑡), 𝑇𝜗(𝑥, 𝑡)-                                                                                                        (7) 

with trainable parameters 𝜗. Spatial and temporal derivatives of Υ𝜗 (such as Υ𝜗,𝑥, Υ𝜗,𝑥𝑥 , Υ𝜗,𝑥𝑥𝑥𝑥, and 

𝜕𝑡(Υ𝜗,𝑥)/ are computed by automatic differentiation. Using the SVPINN surrogate for the distributed-

order term, we define the governing-equation residual 

𝑓(𝑥, 𝑡; 𝜗) = 𝑇𝜗(𝑥, 𝑡)𝜓𝜗(𝑥, 𝑡)𝐶𝜔 − .Υ𝜗Υ𝜗,𝑥𝑥 + 𝛽(Υ𝜗,𝑥)
2
+ 𝜀Υ𝜗,𝑥𝑥𝑥𝑥/                                       (8) 

Moreover, we add auxiliary residual that enforces the SVPINN consistency constraint between 𝜓𝜗 and 
the time evolution of 𝑢𝜗 = Υ𝜗,𝑥, denoted by 

𝑔(𝑥, 𝑡; 𝜗) = ( auxiliary consistency condition ).                                                                        (9) 
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This auxiliary expression gives a regularizing physical constraint which stabilizes the training and 
enhances convergence in learning the distributed-order operator. Assume collocation points in spatio-

temporal domain, and assume that. Let {(𝑥𝑓
𝑖 , 𝑡𝑓

𝑖)}
𝑖=1

𝑁𝑓  are the collocation points, and that the boundary 

and initial data are represented by *(𝑥𝑢
𝑖 , 𝑡𝑢

𝑖 ), Υ(𝑥𝑢
𝑖 , 𝑡𝑢

𝑖 )+𝑖=1
𝑁𝑢  represent boundary and initial data. The total 

SVPINN loss is defined as 

𝐿(𝜗) = 𝐿𝑓(𝜗) + 𝐿𝑔(𝜗) + 𝐿𝑢(𝜗),                                                                                               (10) 

Where: 

𝐿𝑓(𝜗) =
1

𝑁𝑓
∑  
𝑁𝑓
𝑖=1

  |𝑓(𝑥𝑓
𝑖 , 𝑡𝑓

𝑖 ; 𝜗)|
2
, 𝐿𝑔(𝜗) =

1

𝑁𝑓
∑  
𝑁𝑓
𝑖=1

  |𝑔(𝑥𝑓
𝑖 , 𝑡𝑓

𝑖 ; 𝜗)|
2
                                           (11) 

𝐿𝑢(𝜗) =
1

𝑁𝑢
∑  
𝑁𝑢
𝑖=1   |Υ𝜗(𝑥𝑢

𝑖 , 𝑡𝑢
𝑖 ) − Υ(𝑥𝑢

𝑖 , 𝑡𝑢
𝑖 )|

2
                                                                              (12) 

The network parameters ϑ are trained to produce a minimum of 𝐿(𝜗), which is usually trained in two 
phases (e.g. using Adam pretraining and then L-BFGS refinement). After being trained, Υ𝜗(𝑥, 𝑡) gives 
the SVPINN approximation of the solution field. Traveling-wave solutions that were found in the 
classical dispersive environment are still useful in the current framework in their closed-form. They 
could be utilized to produce convergent initial/boundary traces and reference profiles to numerical 
benchmarking (e.g., "Setup B" experiments), which offer a controlled validation pathway of the 
distributed-order SVPINN solver, especially not near singular sets. we obtain, e.g.: 

 

 Generalized Riccati equation: 

Ψ′(𝜉) = 𝑅 + 𝑃Ψ(𝜉) + 𝑄Ψ(𝜉)2, 𝑄 ≠ 0.                                                                                    (13) 

 Bernoulli equation: 

Ψ′(𝜉) = 𝑃Ψ(𝜉) + 𝑄Ψ(𝜉)2, 𝑅 = 0, 𝑄 ≠ 0.                                                                                (14) 

 Linear ordinary differential equation: 

Ψ′(𝜉) = 𝑅 + 𝑃Ψ(𝜉), 𝑄 = 0.                                                                                                      (15) 

Algorithm: The SVPINN 

Input: Spatial domain   = ,    ,     -, time interval , ,  -, weight function  ( ), parameters   and 

 <  ≪  , training sets of interior collocation points {(  
 ,   

 )}
 = 

   and IC/BC points {(  
 
,   
 
)}

 = 

  
. 

Output: SVPINN approximation   ( ,  ) and slope   ( ,  ) =     ( ,  ). 

1. Multi-output network. Construct a multi-output neural network 
,  ( ,  ),   ( ,  ),   ( ,  )-  

and define   ( ,  ) =     ( ,  ) using automatic differentiation. 
2. Separable kernel surrogate. Represent the Caputo kernel by a separable approximation 

( −  )− ≈   ( ,  ) ( ) ( )  

where  ( ) and  ( ) are chosen basis functions and    is learned. 
3. Auxiliary history feature. Define the history feature associated with the time derivative of the slope: 
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  ( ,  ) ≈ ∫  
 

 
 ( )    ( ,  )    

4. Distributed-order constant. Precompute the scalar 

  = ∫  
 

 

 ( )

 ( − )
 ( )    

once (e.g., by numerical quadrature). 
5. SVPINN representation of the distributed-order operator. Approximate the distributed-order 
derivative by 

  
 ( )

  ( ,  ) ≈     ( ,  )  ( ,  )  

6. PDE residual for Eq. (1). Construct the PDE residual 
    ( ,  ;  ) =     ( ,  )  ( ,  ) − (       +  (    )

 +         )  

7. Auxiliary residual (consistency of    ). Enforce Step 3 through 

    ( ,  ;  ) =   ( ,  ) − ∫  
 

 
 ( )    ( ,  )    

8. Total loss. Define the training loss 

 ( ) =  pde 
 

  
∑  
  
 = 

| PDE (  
 ,   

 ;  )|
 
+  aux 

 

  
∑  
  
 = 

| aux (  
 ,   

 ;  )|
 
+  IC    ,  

where  IC     enforces the initial and boundary conditions. 
9. Training. Minimize  ( ) using Adam pretraining followed by L-BFGS (or L-BFGS alone) until 

convergence. 
10. Prediction. Output   ( ,  ) and   ( ,  ) =     ( ,  ). 

 

Analytical Solutions and Visualization 

1. Analytical solutions and traveling-wave reduction 

We take the standard traveling wave as the ansatz in order to study coherent wave structures. 

𝜉 = 𝜅(𝑥 − 𝜔𝑡), Υ(𝑥, 𝑡) = Φ(𝜉)                                                                                                    (16) 

where 𝜅 ≠ 0 is a scaling parameter and 𝜔 is the wave speed. Define the slope variable 

𝑢(𝑥, 𝑡) = Υ𝑥(𝑥, 𝑡) = 𝜅Φ′(𝜉)                                                                                                         (17) 

In the classical dispersive Hunter-Saxton-type model, one can use the identity Υ𝑡𝑥 = 𝑢𝑡 to make the 
PDE a nonlinear ODE in 𝜉. the traveling-wave replacement. But in the current work the evolution term 
is substituted with the distributed order Caputo operator. 

𝐷𝑡
𝜔(𝛼)

(𝑢) = ΥΥ𝑥𝑥 + 𝛽(Υ𝑥)
2 + 𝜀Υ𝑥𝑥𝑥𝑥 , 𝜀 ≪ 1                                                                               (18) 

So, the reduction must be handled carefully because 𝐷𝑡
𝜔(𝛼) is nonlocal in time. 

Reduction of the right-hand side (local spatial terms). Under Υ(𝑥, 𝑡) = Φ(𝜉), the spatial derivatives 
become 

Υ𝑥 = 𝜅Φ′(𝜉), Υ𝑥𝑥 = 𝜅2Φ′′(𝜉), Υ𝑥𝑥𝑥𝑥 = 𝜅4Φ(4)(𝜉)                                                                      (19) 

Hence the right-hand side reduces to a function of 𝜉 alone: 

ΥΥ𝑥𝑥 + 𝛽(Υ𝑥)
2 + 𝜀Υ𝑥𝑥𝑥𝑥 = 𝜅2Φ(𝜉)Φ′′(𝜉) + 𝛽𝜅2(Φ′(𝜉))2 + 𝜀𝜅4Φ(4)(𝜉)                                 (20) 
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Reduction of the left-hand side (distributed-order Caputo term). For 0 < 𝛼 < 1, the Caputo derivative 
is 

 0
𝐶𝐷𝑡

𝛼𝑢(𝑥, 𝑡) =
1

Γ(1−𝛼)
∫  
𝑡

0
  (𝑡 − 𝜂)−𝛼𝜕𝜂𝑢(𝑥, 𝜂)𝑑𝜂                                                                           (21) 

Since 𝑢(𝑥, 𝜂) = 𝜅Φ′(𝜅(𝑥 − 𝜔𝜂)), we have 

𝜕𝜂𝑢(𝑥, 𝜂) = −𝜅2𝜔Φ′′(𝜅(𝑥 − 𝜔𝜂))                                                                                               (22) 

Therefore 

 0
𝐶𝐷𝑡

𝛼𝑢(𝑥, 𝑡) = −
𝜅2𝜔

Γ(1−𝛼)
∫  
𝑡

0
  (𝑡 − 𝜂)−𝛼Φ′′(𝜅(𝑥 − 𝜔𝜂))𝑑𝜂                                                             (23) 

Introduce the change of variables 𝑠 = 𝑡 − 𝜂 (so ∈ (0, 𝑡) ). Noting that 

𝜅(𝑥 − 𝜔𝜂) = 𝜅(𝑥 − 𝜔𝑡) + 𝜅𝜔𝑠 = 𝜉 + 𝜅𝜔𝑠                                                                                (24) 

we obtain the explicit traveling-wave representation 

 0
𝐶𝐷𝑡

𝛼𝑢(𝑥, 𝑡) = −
𝜅2𝜔

Γ(1−𝛼)
∫  
𝑡

0
 𝑠−𝛼Φ′′(𝜉 + 𝜅𝜔𝑠)𝑑𝑠                                                                          (25) 

Finally, applying the distributed-order operator yields 

𝐷𝑡
𝜔(𝛼)

𝑢(𝑥, 𝑡) = −𝜅2𝜔∫  
1

0
 
𝜔(𝛼)

Γ(1−𝛼)
.∫  

𝑡

0
 𝑠−𝛼Φ′′(𝜉 + 𝜅𝜔𝑠)𝑑𝑠/ 𝑑𝛼                                                  (26) 

The reduced equation. Substituting the above expressions into Eq. (1) yields the reduced integro-
differential traveling-wave equation 

−𝜅2𝜔∫  
1

0

 
𝜔(𝛼)

Γ(1 − 𝛼)
(∫  

𝑡

0

  𝑠−𝛼Φ′′(𝜉 + 𝜅𝜔𝑠)𝑑𝑠) 𝑑𝛼 = 𝜅2Φ(𝜉)Φ′′(𝜉) + 𝛽𝜅2(Φ′(𝜉))2 + 𝜀𝜅4Φ(4)(𝜉)#(27) 

Important implication. This case (as compared to the classical case) is not an ODE in 𝜉 on a finite time 
interval since the left-hand side is dependent on the entire time history until t and the shifted argument,  
𝜉 + 𝜅𝜔𝑠. The Physics-Informed Neural Network Based on the Separation of Variables procedure 
applied to the local model, in turn, is not applicable to the distributed-order equation directly. 
Connection to SVPINN. This is exactly where SVPINN comes in: the approach substitutes the explicit 
time-history integrals that define the distributed-order operator with a learnable surrogate that contains 
auxiliary fields 𝑇(𝑥, 𝑡) and 𝜓(𝑥, 𝑡), in such a way that the distributed-order evolution can be 
numerically solved directly in (𝑥, 𝑡) without discretizing the fractional history integral in advance. 
Based on this, the traveling-wave solutions calculated on the classical model are employed 
subsequently as benchmarking profiles (e.g., Setup-B boundary/initial traces) to check the SVPINN 
solver off-singular sets. The sets of parameters below are special cases where the generalized Riccati 
equation Eq. (6) is the auxiliary equation. The families of solutions of the equation of state (6) were 
explained in detail in [19-21]. 

2.  Graphical representations 

Despite the rational traveling-wave solution in (18) having a closed-form solution, its key 
qualitative aspects are most easily discussed by a graphical analysis. As illustrated in Fig. 1, the 
traveling-wave coordinate (𝑥 − 𝜔𝑡), dominates the solution profile, which creates a dispersive-induced 
singular structure which is concentrated along the characteristic line, 𝑥 =  𝜔𝑡. The geometry of the 
kink is emphasized in the three-dimensional surface plot, as well as the high spatial localization of the 
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singular region, and the high spatial localization of the singular region is confirmed by cross sections at 
various times in the two-dimensional cross section. The contour representation also underlines that the 
steep gradients of the solution are kept within the range around  𝑥 = 𝜔𝑡, which shows how the 
dispersive term is added in the fourth order and how the propagating structure is controlled and 
confined by that dispersive. 

In order to make this rational branch stand out amongst the other precise families which we 
have obtained using the auxiliary-equation reductions, we also provide representative solutions which 
are obtained using the generalized Riccati setting. These are selected to describe the key qualitative 
behaviors that are experienced in the trigonometric and hyperbolic regimes. Specifically, Fig. 2 shows a 
localized kink-type soliton of smooth traveling profile, and Fig. 3 shows a periodic (oscillatory) 
waveform with repeating singular characteristics. Together, Figs. 13 prove that the SVPINN model 
produces families of solutions with highly varying geometry between rational singular kinks and 
smooth localized waves and periodic oscillations hence illustrating the richness brought about by the 
dispersive extension and the corresponding parameter constraints. 

 
(a)   

(b)  

 
(c)  

 
(d)  

Figure1.  Singular kink-type profile: (a) 3D surface, (b) 2D cross-sections, and (c) contour 
plot. Parameters are as specified. 

 



 

00 
 

 
(a)   

(b)  
 

 
(c)    
 

Figure 2. Kink-type soliton solution: (a) 3D surface, (b) 2D cross-sectional profiles, and (c) contour 
plot. 

  

 
(a)  

 
(b)  



 

999 
 

 
(c)   

Figure 3. Singular periodic soliton solution: (a) 3D surface, (b) 2D cross-sectional profiles, and (c) 
contour plot. 

Such numbers clearly indicate that the special solutions are characterized by significantly different 
behaviors compared to the rational solution, and thus highlight the richness and flexibility of the 
extended Physics-Informed Neural Network Based on the Separation of Variables approach. 

3. Fractional Impacts 

To extend our analysis, the time derivative in Eq. (1) is replaced by a time-fractional derivative of order 
𝜌 ∈ (0,1-. 

𝐿𝑡
𝜌
Υ𝑥 = ΥΥ𝑥𝑥 + 𝛽Υ𝑥

2 + 𝜀Υ𝑥𝑥𝑥𝑥 , 𝐿𝑡
𝜌
(⋅) =

𝜕𝜌(⋅)

𝜕𝑡
.                                                                                         (28) 

The generalization offers a frame work of flexibility to quantify the effect of fractional order on the 
evolution and stability of the solution. The main modeling problems are to distinguish between true 
memory effects encoded by nonlocal integral operators that accumulate past states and local fractional 
operators that may collapse (to smooth solutions). We are motivated by this difference to propose a 
distributed-order Caputo extension and an SVPINN-based computational scheme of the generalized 
Hunter -Saxton model of the fourth-order dispersive generalized version. 

Υ𝑡𝑥 = ΥΥ𝑥𝑥 + 𝛽(Υ𝑥)
2 + 𝜀Υ𝑥𝑥𝑥𝑥 , 𝜀 ≪ 1                                                                                          (29) 

Let 

𝑢(𝑥, 𝑡): = Υ𝑥(𝑥, 𝑡)                                                                                                                           (30) 

Then the left-hand side satisfies 

Υ𝑡𝑥 = 𝑢𝑡                                                                                                                                           (31) 

and the PDE can be rewritten as 

𝑢𝑡 = ΥΥ𝑥𝑥 + 𝛽𝑢2 + 𝜀Υ𝑥𝑥𝑥𝑥                                                                                                             (32) 

The distributed-order time-fractional operator is defined by 

𝐷𝑡
𝜔(𝛼)

𝑢(𝑥, 𝑡) = ∫  
1

0
 𝜔(𝛼)0

𝐶𝐷𝑡
𝛼𝑢(𝑥, 𝑡)𝑑𝛼                                                                                         (33) 

where, for 0 < 𝛼 < 1, the Caputo derivative is given by 
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 0
𝐶𝐷𝑡

𝛼𝑢(𝑥, 𝑡) =
1

Γ(1−𝛼)
∫  
𝑡

0
  (𝑡 − 𝜂)−𝛼

𝜕𝑢(𝑥,𝜂)

𝜕𝜂
𝑑𝜂                                                                                 (34) 

The distributed-order operator as a replacement of the classical time derivative 𝑢𝑡 gives the SVPINN-
compatible model. 

𝐷𝑡
𝜔(𝛼)(Υ𝑥) = ΥΥ𝑥𝑥 + 𝛽(Υ𝑥)

2 + 𝜀Υ𝑥𝑥𝑥𝑥                                                                                           (35) 

Equivalently, in terms of 𝑢 = Υ𝑥 , we write 

𝐷𝑡
𝜔(𝛼)

𝑢 = ΥΥ𝑥𝑥 + 𝛽𝑢2 + 𝜀Υ𝑥𝑥𝑥𝑥 , 𝑢 = Υ𝑥                                                                                        (36) 

For verification via manufactured solutions, one may include a forcing term 𝑕(𝑥, 𝑡) : 

𝐷𝑡
𝜔(𝛼)(Υ𝑥) = ΥΥ𝑥𝑥 + 𝛽(Υ𝑥)

2 + 𝜀Υ𝑥𝑥𝑥𝑥 + 𝑕(𝑥, 𝑡)                                                                           (37) 

This change is applicable to controlled benchmarking but not the formulation. Three time-fractional 
derivatives, which include modified Riemann-Liouville derivative (MRLD), [34] beta (βD) derivative, 
[35] and M truncated derivative. And distribution is not allowed, except in the case of Open Access 
articles. (MTD), [36] are employed. The reason why these derivatives are adopted is that they meet the 
key properties of derivatives like linearity, constant rule, chain, product and quotient rule. 

Definition 3.1 ([34]). For 𝜌 ∈ ℝ, Jumarie's modified Riemann-Liouville derivative (MRLD) of order 𝜌 
is defined as 

𝐿𝜏
𝜌
(𝑔(𝜏)) =

{
 
 

 
 

1

Γ(−𝜌)

𝑑

𝑑𝜏
∫  
𝜏

0
 
𝑔(𝑠)−𝑔(0)

(𝑡−𝑠)𝜌+1
𝑑𝑠, 𝜌 < 0

1

Γ(1−𝜌)

𝑑

𝑑𝜏
∫  
𝜏

0
 
𝑔(𝑠)−𝑔(0)

(𝑡−𝑠)𝜌
𝑑𝑠, 0 < 𝜌 < 1

(𝑔(𝜌−𝑘)(𝜏))
(𝑘)
, 1 ≤ 𝑘 ≤ 𝜌 < 𝑘 + 1

                                                             (38) 

MRLD is nonlocal in time, and inherently models memory effects because it is explicitly formulated 
over the time interval ,0, 𝑡-. The next property allows one to use the traveling-wave procedure [34]: 

𝐿𝜏
𝜌
(𝜏𝛿) =

Γ(1+𝛿)

Γ(1+𝛿−𝜌)
𝜏𝛿−𝜌                                                                                                                              (39) 

 

Definition 3.2 ([35]). For 𝜌 ∈ (0,1-, the 𝛽 derivative of order 𝜌 is defined by 

𝐿𝜏
𝜌
(𝑔(𝜏)) = lim

𝜀→0
 
𝑔(𝑡+𝜀.𝜏+

1

Γ(𝜌)
/
1−𝜌

)−𝑔(𝜏)

𝜀
                                                                                                      (40) 

If 𝑔 is differentiable, it reduces to 

𝐿𝜏
𝜌
(𝑔(𝜏)) = .𝜏 +

1

Γ(𝜌)
/
1−𝜌

𝑔′(𝜏)                                                                                                                (41) 

indicating that 𝛽D acts as a local-in-time operator. 
Definition 3.3 ([36]). For 𝜌 ∈ (0,1-, the 𝑀-truncated derivative of order 𝜌 is defined as 

 𝑗𝐿𝑀
𝜌,𝛾
(𝑔(𝜏)) = lim

𝜀→0
 
𝑔( 𝑗𝐸𝛾(𝜀𝜏

−𝜌)𝑡)−𝑔(𝜏)

𝜀
, 𝛾 > 0                                                                                            (42) 

Where: 
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 𝑗𝐸𝛾(𝜁) = ∑  
𝑗
𝑖=0  

𝜁𝑖

Γ(𝑖𝛾+1)
, 𝜁 ∈ ℂ                                                                                                                     (43) 

is the truncated Mittag-Leffler function. If 𝑔 is differentiable, then [36]. 

 𝑗𝐿𝑀
𝜌,𝛾
(𝑓(𝑡)) =

𝑡1−𝜌

Γ(𝛾+1)
𝑔′(𝑡)                                                                                                                          (44) 

Then the MTD is also local-in-time with the adopted formulation. The solutions to the equation given 
in (15) may be obtained similarly to the solution to the equation in (3.1): using the following fractional 
traveling-wave transformations: 

𝜉 = 𝜅 .𝑥 −
𝜔𝑡𝜌

Γ(𝜌+1)
/                                                                                                                          (45) 

𝜉 = 𝜅 .𝑥 −
𝜔

𝜌
0.𝑡 +

1

Γ(𝜌)
/
𝜌

− .
1

Γ(𝜌)
/
𝜌

1/                                                                                           (46) 

𝜉 = 𝜅 .𝑥 −
𝜔Γ(𝛾+1)𝑡𝜌

𝜌
/                                                                                                                                  (47) 

In this case 𝛤(⋅) is the Gamma function. The fractional traveling-wave variables of the equations are 
given by (23)-(25) are respectively equal to MRLD, 8D and MTD. Replacing the desired 
transformation by the equivalent transformation to Equation (15) and the associated fractional 
differential properties a lower order ordinary differential equation of the same type as in Sec. 3 results. 
The steps of the solution procedure include the study in Sec. 3.1. The rational traveling-wave solution 
of the adopted equations in the form of the rational fractional derivatives, that is, in (14), is chosen as a 
case study to demonstrate the impact of the adopted fractional derivatives. The plots of MRLD, β D, 
MTD and the classical case 𝜌 = 1. In Fig. 4, compares the curves at a specific time 𝑡 = 1 to give a 
direct comparison of the space. Fractional orders 𝜌 = 0.1 and 𝜌 = 0.6 are selected to exhibit the effects 
of the fractional without too much distortion. 

 

Figure4. Comparison of the classical and fractional traveling-wave profiles for the MRLD, 
𝛽 derivative, and M-truncated derivative cases. 

The solution maintains its underlying profile under all conditions; thus, in all cases, the intrinsic 
structure is preserved. Nonetheless, the traveling-wave variable is changed by the choice of the 
fractional derivative, resulting in the spatial displacement of the singular feature. The offsets of MRLD, 
2D, and MTD are different to the classics, indicating that memory dependent and local fractional 

operators differ in their offsets. 
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1.   Distributed-order time-fractional extension and SVPINN framework 

Motivation (distributed-order memory). Classical and single-order fractional-time models use a 
single rate of memory decaying, which may be too limiting to complex media. A distributed-order 
formulation substitutes the fixed order with a continuum of fractional orders with a weighting of a 
nonnegative function, allowing a range of memory time scales (short and long memory) to be included 
in the same governing law. This is especially so in dispersive Hunter Saxon dynamics, where there can 
be many mechanisms that play a role in nonlocal relaxation. Improved model. Let 𝑢(𝑥, 𝑡) = Υ𝑥(𝑥, 𝑡). 
Since Υ𝑡𝑥 = 𝑢𝑡, we replace the classical time derivative 𝑢𝑡 with a distributed-order Caputo operator on 
Υ𝑥 to have the SVPINN-compatible model: 

𝐷𝑡
𝜔(𝛼)(Υ𝑥(𝑥, 𝑡)) = Υ(𝑥, 𝑡)Υ𝑥𝑥(𝑥, 𝑡) + 𝛽(Υ𝑥(𝑥, 𝑡))

2 + 𝜀Υ𝑥𝑥𝑥𝑥(𝑥, 𝑡), 𝜀 ≪ 1                                       (48) 

Here, the distributed-order operator is defined by 

𝐷𝑡
𝜔(𝛼)

𝑢(𝑥, 𝑡) = ∫  
1

0
 𝜔(𝛼)0

𝐶𝐷𝑡
𝛼𝑢(𝑥, 𝑡)𝑑𝛼                                                                                             (49)                      

where for 0 < 𝛼 < 1 the Caputo fractional derivative is 

 0
𝐶𝐷𝑡

𝛼𝑢(𝑥, 𝑡) =
1

Γ(1−𝛼)
∫  
𝑡

0
  (𝑡 − 𝜂)−𝛼𝜕𝜂𝑢(𝑥, 𝜂)𝑑𝜂                                                                                 (50)                         

SVPINN summary. The history integrals of Caputo operators cannot be evaluated by standard PINNs. 
We thus consider a separation-of-variables physics-informed neural network (SVPINN) where a multi-
output neural network makes predictions. 

,Υ(𝑥, 𝑡), 𝜓(𝑥, 𝑡), 𝑇(𝑥, 𝑡)-.                                                                                                                    (51) 

The distributed-order term 𝐷𝑡
𝜔(𝛼)(Υ𝑥) is modeled by a trainable surrogate that takes the form 

𝑇(𝑥, 𝑡)𝜓(𝑥, 𝑡)𝐶𝜔, where 𝐶𝜔 only depends on the weight function 𝜔(𝛼). There is one more physical 
constraint that connects 𝜓 to the time derivative of 𝑢 = Υ𝑥  (characteristic-type relation). The PDE 
residual, and this auxiliary residual are both enforced in the loss function, along with the imposed 
initial and boundary conditions. Numerical experiments. To assess the performance of the proposed 
SVPINN framework, we conducted a series of computational experiments examining network 
architecture, collocation-point dependence, and Setup-B benchmark accuracy. The corresponding 
quantitative results are reported in Tables 1–3. 

Table 1. Effect of network architecture on SVPINN performance. Fixed: Nf = 2000 interior collocation 
points, Nu = 200 initial/boundary points, 20 000 epochs. 

Config Layers Neurons Params L₂ Rel. 

Error 
MAE CPU (s) 

N1 2 20 500 3.3659×10⁻³ 2.6022×10⁻³ 11.5 

N2 2 40 1,800 1.2403×10⁻³ 9.5290×10⁻⁴ 18.8 

N3 3 40 3,400 1.0503×10⁻³ 8.5950×10⁻⁴ 23.0 

N4 3 60 7,500 5.1897×10⁻⁴ 3.9277×10⁻⁴ 40.5 

N5 4 50 7,750 5.9603×10⁻⁴ 4.0789×10⁻⁴ 35.8 

N6 4 80 19,600 2.6951×10⁻⁴ 1.9657×10⁻⁴ 84.7 

N7 5 60 14,700 3.7218×10⁻⁴ 2.6402×10⁻⁴ 65.0 

N8 5 100 40,500 1.7854×10⁻⁴ 1.3986×10⁻⁴ 144.3 
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N9 6 80 32,400 2.2765×10⁻⁴ 1.7883×10⁻⁴ 114.0 

N10 6 100 50,500 1.7348×10⁻⁴ 1.3010×10⁻⁴ 178.9 

There are three performance regimes as seen in Table 1. The shallow-narrow (N1–N3) configuration 
produces Moderate accuracy (𝐿₂ ≅ 10⁻³)  because of the lack of representational ability to learn the 
wave profile and the separable surrogate at the same time.  The middle range (N4-N7) has an accuracy 
of Good-to-Excellent (𝐿₂ ≅  10⁻⁴) at 36s–65s CPU. Deep-wide configurations (N8–N10) converge to 
Excellent accuracy but offer diminishing returns beyond 4 layers at 2–5× the cost. The recommended 
architecture is N6: 4 layers × 80 neurons (L₂ = 2.695 × 10⁻⁴, CPU = 84.7 s). 

Table 2. Effect of the number of training (collocation) points on SVPINN performance. Fixed: 4 
hidden layers × 50 neurons, 20 000 epochs. 

Config Nf Nu 
L₂ Rel. 

Error 
MAE 

Residual 
Loss 

CPU 
(s) 

T1 500 100 1.9772×10⁻² 1.6887×10⁻² 2.1722×10⁻³ 14.4 

T2 1,000 200 1.3068×10⁻² 9.5545×10⁻³ 1.4647×10⁻³ 20.3 

T3 2,000 400 6.9577×10⁻³ 5.4818×10⁻³ 8.1673×10⁻⁴ 36.2 

T4 4,000 600 4.5579×10⁻³ 3.5003×10⁻³ 4.3398×10⁻⁴ 62.2 

T5 8,000 800 2.7094×10⁻³ 2.2279×10⁻³ 3.0735×10⁻⁴ 111.5 

T6 16,000 1,000 1.7245×10⁻³ 1.3186×10⁻³ 1.7802×10⁻⁴ 237.7 

The three closed-form profiles used in the Setup-B benchmark are inherited from the local dispersive 
traveling-wave reduction and are employed here as reference profiles. They should not be interpreted 
as exact solutions of the full distributed-order Caputo problem. The reported relative 𝐿2 error and 
maximum absolute error quantify the discrepancy between the SVPINN approximation and these 
prescribed reference profiles over the evaluation domain; for the singular rational-kink case, points in 
the excluded singularity region are omitted from the error calculation. 

Table 3. SVPINN Setup-B benchmark errors relative to three closed-form traveling-wave reference 
profiles inherited from the local dispersive model. 

Solution 
Profile 

Wave 
Type 

ω(α) 

Setting 
L₂ Rel. 

Error 
Max 

|Error| 
CPU 
(s) 

Υ1 

(Rational 
kink) 

Singular 
Uniform 
weight 

8.4321×10⁻⁴ 1.2734×10⁻³ 98.3 

Υ2 (Smooth 

kink) 
Localized 

Uniform 
weight 

1.8437×10⁻⁴ 2.7103×10⁻⁴ 89.3 

Υ3 

(Periodic) 
Oscillatory 

Uniform 
weight 

4.2164×10⁻⁴ 6.3841×10⁻⁴ 93.6 

4. Sensitivity and Stability Analysis 

That there are closed-form traveling-wave solutions of the local dispersive model does not, of 
itself, imply that the distributed-order evolution is stable. In the proposed formulation, the time 
operator is distributed-order Caputo memory operator which operates on the slope field 𝑢 = Υ𝑥, 
creating nonlocal-in-time dependence and capable of amplifying or damping perturbations across 
multiple time scales. We thus consider stability in two complementary perspectives (i) phase-space 
diagnostics of the traveling-wave reduction of the local dispersive core (as a baseline dynamical 
skeleton), and (ii) sensitivity of the distributed-order dynamics in the full (𝑥, 𝑡) domain, as captured 
numerically by the SVPINN solver. 
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1.  Phase-space representation of the dispersive core 

To provide a qualitative baseline for the wave-profile dynamics, we consider the traveling-wave profile 
Φ(𝜉) associated with the dispersive right-hand side of the model, where 𝜉 = 𝜅𝑥 − 𝜔𝑡. The resulting 
reduced equation (Eq. (10) in the local setting) is a fourth-order nonlinear ODE. Introducing the phase 
variables 

𝑥1 = Φ, 𝑥2 = Φ′, 𝑥3 = Φ′′, 𝑥4 = Φ′′′                                                                                                  (52) 

transforms the fourth-order ODE into the autonomous first-order system 

𝑥1
′ = 𝑥2  

𝑥2
′ = 𝑥3  

𝑥3
′ = 𝑥4  

𝑥4
′ = −

(𝑥1+𝜔)𝑥3+𝛽𝑥2
2

𝜀𝜅2
                                                                                                                                           (53) 

The representation is helpful in that it indicates equilibrium manifolds and local transverse behaviors 
(center-type or saddle-type) that govern the geometry of nearby trajectories and thus the robustness of 
traveling-wave profiles to perturbation. 

2.  Sensitivity tests (distributed-order memory and SVPINN perspective)                                            

Although system (1) is the dynamics of the profile of the local dispersive core, the complete 

proposed model includes distributed-order operator 𝐷𝑡
𝜔(𝛼), that creates the multi-scale memory effects. 

In order to measure sensitivity in this nonlocal context we carry out perturbation experiments where the 
initial slope field 𝑢(𝑥, 0) = Υ𝑥(𝑥, 0) (and/or Υ(𝑥, 0) ) is perturbed by a small amplitude δ, and the 

subsequent solutions of SVPINN are then compared over time. Specifically, letting Υ(0) denote a 

baseline solution and Υ(𝛿) the perturbed solution, we monitor the relative deviation 

𝐸(𝑡) =
‖Υ(𝛿)(⋅,𝑡)−Υ(0)(⋅,𝑡)‖

𝐿2(Ω𝑥)

‖Υ(0)(⋅,𝑡)‖
𝐿2(Ω𝑥)

+𝜀0
,                                                                                                              (54) 

where 𝜀0 > 0 avoids division by zero and Ω𝑥 is the spatial domain. Rapid growth of 𝐸(𝑡) indicates 
strong sensitivity of the distributed-order dynamics, while bounded 𝐸(𝑡) suggests that the dynamics are 
memory-regularized. 

3.  Numerical integration and reproducibility 

To compute numerical trajectories of the phase space system (1) under a base case condition, the 
classical fourth-order Runge-Kutta method (RK4) with fixed step size h=0.1 is used to compute 
numerical trajectories of the phase space. The solution of the distributed-order PDE is solution of the 
minimization problem of the combined loss consisting of the residual of the governing equations and 
the auxiliary SVPINN consistency constraint, in combination with the specified initial and boundary 
conditions (Section 2). The sensitivity measures are directly computed by the trained SVPINN 
surrogate, and allows the stable evaluation of perturbation growth without explicitly discretizing the 
fractional history integrals. 
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Figure 5. Sensitivity of the reduced traveling-wave phase system to the initial position. 

 

 

4. Stability analysis 

The distributed-order dispersive Hunter-Saxton model equation (1) includes a multi-scale memory 
operator, and a small fourth-order regularization. As the rigorous stability theory of this nonlocal-in-
time PDE is out of the current scope of the current work, we present a qualitative diagnosis of stability 
in two senses. Profile (phase-space) stability of the dispersive core. To the local dispersive traveling-
wave reduction, the fourth-order phase-variable profile equation obtained can be expressed in terms of 
the self-driven system (53) in the phase variables 𝑥1 = Φ, 𝑥2 = Φ′, 𝑥3 = Φ′′, and 𝑥4 = Φ′′′. Equilibria 
satisfy 𝑥2 = 𝑥3 = 𝑥4 = 0, forming the one-dimensional manifold ℰ = *(𝑥1, 0,0,0)+. Linearization 
about (𝑥1

∗, 0,0,0) indicates that the transverse dynamics are determined by the sign of (𝑥1
∗ + 𝜔) (𝜀𝜅2) : 

in one regime, the transverse oscillations are center-type with a neutral drift along E and in the other 
regime the transverse oscillations are saddle-type with exponential separation of nearby trajectories. 
This forms the coincidence between the bounded oscillations and the sensitivity to the response as 
witnessed in the phase portraits. Stability of evolution under distributed-order memory (SVPINN). In 
the complete model based on a distributed-order, the stability is numerically determined by perturbing 
the initial slope field 𝑢(𝑥, 0) = Υ𝑥(𝑥, 0) (or equivalently Υ(𝑥, 0) ) by a small amplitude 𝛿 and 
monitoring the error between the unperturbed and perturbed solutions: 

𝐸(𝑡) =
‖Υ(𝛿)(⋅,𝑡)−Υ(0)(⋅,𝑡)‖

𝐿2(Ω𝑥)

‖Υ(0)(⋅,𝑡)‖
𝐿2(Ω𝑥)

+𝜀0
,                                                                                                             (55) 

where 𝜀0 > 0 avoids division by zero. Bounded 𝐸(𝑡) is a property that shows that the memory 
regularized evolution is robust, and rapid growth is the property that shows that it is unstable/sensitive. 
In both instances the small  𝜀Υ𝑥𝑥𝑥𝑥 term is a high-frequency regularization, and the observed behavior 
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is a balance between nonlinear steepening, dispersive regularization and distributed-order memory 
effects. tendered weight 𝜔(𝛼) as specified in Eq. (49). 

 

Figure 6. Sensitivity of the reduced traveling-wave system to the initial velocity.

 

Figure 7. Phase portraits of system (35): 2D projections. 
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Figure 8. Phase-plane projections of system (35). 

Conclusion and Future Work 

Here we proposed a fourth-order extension of the generalized Hunter-Saxton framework in the 
dispersive form and suggested a distributed-order time-fractional change whereby the Caputo 
distributed-order operator is applied to the slope field 𝑢 = Υ𝑥. The inclusion of the small fourth-order 
term (0 < 𝜀 ≪ 1) adds more dynamics to the wave, and offers a high-order regularization behavior, the 
distributed-order operator adds the multi-scale memory effects that are not captured by single-order 
fractional models. In order to measure the effects of fractional-time, three typical time fractional 
operators (MRLD, 𝛽-type, and M-truncated derivatives) were compared with the classical case. 
Fractionalization changes the effective traveling-wave coordinate, resulting in observable localization 
and propagation changes in the solution profiles, although the profiles retain their qualitative shape; 
and the offsets vary depending on the operator, illustrating the practical difference between memory-
dependent and local-in-time fractionalizations. We described a separation-of-variables physics-
informed neural network (SVPINN) formulation of the distributed-order model to overcome the 
computational challenge of Caputo-type history integrals. With the addition of auxiliary network 
outputs and a consistency condition, the distributed-order contribution can be expressed as a trainable 
surrogate, without defining an a priori discretization of the history integral. Lastly, sensitivity analysis 
and phase-space diagnostics of the reduced profile dynamics demonstrated that it is highly sensitive to 
initial perturbations, experiences transverse oscillations that are limited in some regimes and a non-
isolated equilibrium manifold due to nonhyperbolic behavior, all of which gives qualitative information 
about stability properties of the proposed dynamics. The present study includes SVPINN computational 
experiments assessing network architecture, collocation-point dependence, and benchmark accuracy for 
representative traveling-wave profiles. Future work will extend these results through systematic 
comparisons with independent reference solvers, ablation studies of the auxiliary consistency 
constraint, broader parameter sweeps, and investigations of alternative distributed-order weight 
functions to further quantify the effects of memory parameters on wave evolution and stability. 

Data Availability Statement: The datasets generated and/or analyzed during the current study, 
including numerical data produced from the mathematical models, are available from the 
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corresponding author upon reasonable request. No external experimental datasets were used; all results 
were generated using the mathematical models, algorithms, and the MATLAB and Python 

implementations described in the manuscript. 
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-Hunterساكسخون" )-بيت مسخىيرة بالفيسياء حعخمد على فصل المخغيراث لحل وموذج "هىخرشبكت عص
Saxtonالمعمم والمشخج ذي الرحبت الموزعت وحأثيراث السمه الكسري ) 

 الملخص 

ً ىَؼادىت "ْٕخش ف اىَْ٘رس فً ص٘سحٔ اىنلاسٍنٍت سامسخُ٘-حقذً ٕزٓ اى٘سقت ٗحْاقش ح٘سٍؼا " اىَؼََت ىخشَو سحبت حشخج أػيى. ٌؼُشَّ

Υ𝑡𝑥باىَؼادىت:  = ΥΥ𝑥𝑥 + 𝛽Υ𝑥
2 + 𝜀Υ𝑥𝑥𝑥𝑥, 0 < 𝜀 < ؛ ٗحضٍف ٕزٓ اىذذٗد اىَشخخت )أٗ اىَْظَت( راث اىشحبت اىؼاىٍت أبؼاداً جذٌذة 1

ط حأرٍشاث اىضٍِ اىنسشي ٍِ خلاه دساست اىْظائش اىنسشٌت اىضٍٍْت ىذٌْاٍٍنٍاث اىَ٘جت اىَْخقيت ٍقاسّت باىذاىت غٍش اىَشخخت. ّقً٘ بقٍا

؛  M-truncated، ٗاىَشخق اىَبخ٘س ٍِ اىْ٘ع  Liouvilleىٍ٘فٍو" اىَؼذه، ٗاىَشخق ٍِ اىْ٘ع -ىزلارت ٍؤرشاث قٍاسٍت: ٍشخق "سٌَاُ

حغٍٍشاث ٍيذ٘ظت فً حَ٘ضغ اىَ٘جاث ٗاّخشاسٕا. ّٗظُٖش أُ اىخذٌ٘و إىى اىصٍغت اىنسشٌت ٌغٍش ٍخغٍش اىَ٘جت اىَْخقيت اىفؼاه ٌٗذذد 

ً را سحبت ٍ٘صػت، دٍذ ٌؼَو اىَؤرش اىضًٍْ  ً مسشٌا ً صٍٍْا ً حصذٍذا ٗىخ٘دٍذ آىٍت الادخفاظ بخأرٍشاث اىزامشة غٍش اىَذيٍت، ّقخشح أٌضا

𝐷𝑡ٗفق اىَؼادىت:  Υ𝑥ػيى دقو اىٍَو
𝜔(𝛼)(Υ𝑥) = ΥΥ𝑥𝑥 + 𝛽Υ𝑥

2 + 𝜀Υ𝑥𝑥𝑥𝑥اىشحبت اىَ٘صػت ٍِ ّ٘ع "ماب٘ح٘"  . ّٗظشاً لأُ ٍؤرشاث

(Caputo حخضَِ حناٍلاث حؼخَذ ػيى اىخاسٌخ اىسابق ٗلا ٌَنِ ٍؼاىجخٖا ٍباششة باسخخذاً اىخَاٌض اَىً اىقٍاسً، فئّْا ّقذً َّ٘رس )

ٍخشٌاً ب٘اسطت (؛ دٍذ ٌخٌ حَزٍو حصذٍخ اىشحبت اىَ٘صػت باساSVPINNشبنت ػصبٍت ٍسخٍْشة باىفٍضٌاء ٌؼخَذ ػيى فصو اىَخغٍشاث )

َّ٘رس بذٌو قابو ىيخذسٌب. ٗأخٍشاً، حظُٖش اىخذيٍلاث اىؼذدٌت ىيْظاً اىذٌْاٍٍنً اىَخخضه اىَشحبط دساسٍت ػاىٍت ىلاضطشاباث الأٗىٍت، 

ٗحزبزباث ػشضٍت ٍذذٗدة فً بؼض الأّظَت، ٍٗخشؼب ح٘اصُ غٍش ٍؼضٗه ٌؤدي إىى الاّخقاه بٍِ الاّجشاف اىَذاٌذ، ٗاىخزبزباث ٍِ 

(. ٗبشنو ػاً، ٌَنِ اسخْخاس أُ اىخشخج ٍِ اىشحبت saddle-type(، ٗاىسي٘ك ٍِ ّ٘ع ّقطت اىسشس )center-typeع اىَشمض )ّ٘

حسإٌ بشنو ٍيَ٘ط فً إرشاء اىذٌْاٍٍنٍاث  -ٗمزىل اىزامشة راث اىشحبت اىَ٘صػت إىى دذ مبٍش  -اىشابؼت ٗػَيٍاث اىضٍِ اىنسشي 

 سامسخُ٘".-اىْ٘ػٍت ىَْ٘رس "ْٕخش

؛ اىشبناث SVPINNسامسخُ٘" اىَشخخت؛ اىَ٘جاث اىَْخقيت؛ اىس٘ىٍخّ٘اث )اىَ٘جاث الاّفشادٌت(؛ -ٍؼادىت "ْٕخش الكلماث المفخاحيت:

 اىؼصبٍت اىَسخٍْشة باىفٍضٌاء؛ حذيٍو اىذساسٍت ٗالاسخقشاس.
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