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Abstract
Non-parametric regression is a type of regression analysis in which the functional form of the relationship between 
the response variable, and the associated predictor variable does not to be specified in order to fit a model to a set 
of data. There are many different methods for non-parametric regression. In this paper, we have used the local 
polynomial kernel estimator with the optimal choice of the smoothing parameter(s). Choosing the optimal 
smoothing parameter(s), which is usually called the bandwidth(s), was considered to be one of the most important 
issues when using the kernel-based estimators. Moreover, the optimal bandwidth(s) played a great role to uncover 
the structure of the underlying data. Here, we used simulation approach to make comparisons between four 
different strategies for selecting the optimal bandwidth(s), namely the Direct Plug In bandwidth selection, the 
Residual Sum of Square Criterion, the Cross-Validation Criterion, and the Rule of Thumb Criterion. Within the 
context of these four strategies of selecting the optimal bandwidth(s), there are two different design settings: Fixed 
Design and Random Design. In addition, four different regression functions have been tested in order to smooth the 
mean regression function g(x). We have investigated the effect of three important elements: The size of sample (n); 
the distribution of the errors' (normal or non-normal distribution); and the kind of design (fixed and random). 
Having conducted 500 simulation studies, interesting results have been achieved.

Keyword : Local Polynomial Kernel Estimators; Direct Plug-in Selection Strategy; Residual Sum of Square 
Criterion; the Cross-validation criterion; the Rule of Thumb criterion. 

Doi : https://doi.org/10.64943/ljacs.2026.010213  

INTRODUCTION 
The primary objective of nonparametric regression methods is to describe the relationship between 
the response variable Yi and the explanatory variable Xi, typically informed by the structure of a 
scatter plot. In all cases, some functional relationship between the variables is assumed, and 
attention is paid to the extent of scatter present in the data (1,2,3). The general form of a 
nonparametric regression model can thus be expressed as follows:  

Yi=g ( xi )+εi,  (1) 

where g(xi) represents some function that needed to be estimated, and the εi is error term with zero 
mean and constant variance for all i = 1,2,….,n (4) . Of particular interest is the Local polynomial 
kernel Estimator because it is mathematical tractable and is based on quite simple idea. 
 

Local polynomial kernel Estimator 
The Local Polynomial Kernel estimator (5) (Fan, 2018) is defined as  
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 ̂(𝑥 𝑝  )   𝑒 
 ( 𝑝  

    𝑝  )
  
( 𝑝  

    ) 
(2) 

Local polynomial kernel regression estimation has been applied across various fields since the late 19th 
and early 20th centuries. A comprehensive review of its properties and advantages is provided in (5,6)  
offer a clear introductory exposition of the method (7)  

Definition: The fundamental principle of the local polynomial kernel estimator is the local fitting of a 
𝑝𝑡ℎ order polynomial to the data using weighted least squares at a specific point of the regression 
function. To introduce local polynomial kernel regression, consider a set of multidimensional 
observations ( 𝑖   𝑖), 𝑖  1 2 …  𝑛, where  𝑖 is a scalar response variable and  𝑖  ( 𝑖   𝑖2 …   𝑖𝑑) is 
a 𝑑-dimensional explanatory variable. Depending on the dimensionality d, the analysis may focus on 
the univariate case (𝑑  1) or the multivariate case (𝑑 > 1). Additionally, local polynomial kernel 
regression can be conducted under either fixed design or random design  (4,5,6,8). 

Univariate Local Polynomial Kernel Regression (𝒅  𝟏)  

In the univariate setting with a fixed design, the response variables are assumed to be generated from a 
model in which the explanatory variables are ordered and non-random, with equally spaced differences 
between consecutive points, i.e., ( 𝑖+  −   𝑖) is constant  

Yi =  (xi) + ԑi (3) 
where the errors 𝜀𝑖 are independent random variables with 𝐸(𝜀𝑖)  0, and 𝐸(𝜀𝑖

2)  𝜎2 (5). 

f is called the mean regression function because 𝐸(𝑦𝑖)   (𝑥𝑖)  and   𝑣𝑎𝑟,𝑦𝑖-  𝜎𝑖
2. If 𝑣𝑎𝑟,𝑦𝑖-  𝜎

2 
for all  𝑖, the model is considered to be homoscedastic otherwise, the model is said to be 
heteroscedastic.  
Here, we present of an explicit formula for the local polynomial kernel estimator in Fixed design case.  
Suppose that the (𝑝 + 1)𝑡  derivative of   ( ) exists in a neighborhood of  0. The unknown 
regression function  (X) can then be locally approximated by a polynomial of order p using Taylor 
expansion: 

 (𝑥) ≈∑
 (𝑖)(𝑥0)

𝑖!

𝑝

𝑖=0

(𝑥 − 𝑥0)
𝑖  ∑𝐵𝑖

𝑝

𝑖=0

(𝑥 − 𝑥0)
𝑖   

(4) 

where 𝐵𝑖  
𝑔(𝑖)( 𝑜)

𝑖!
. 

For X in a neighborhood of X𝟎 , we then perform a local polynomial regression fit,  

𝐵̂(𝑥0)  argmin
𝐵
∑,𝑦𝑗 −∑ 𝐵𝑖(𝑥𝑗 − 𝑥0)

𝑖-2
𝑝

𝑖=0
𝑘ℎ(𝑥𝑗 − 𝑥𝑜) 

𝑛

𝑗= 

 
(5) 

where 

𝑘ℎ(𝑢)  
1

 
𝑘 .
𝑢

 
/. 

where 𝐵  (𝐵0  𝐵  …  𝐵𝑝)
   are the local polynomial coefficients, 𝑘(. ) is the kernel function, and   is 

the bandwidth controlling the size of the local neighborhood around 𝑥0. Using the standard weighted 
least squares theory (in the matrix notation) leads to the following explicit solution for the local 
polynomial regression fit, which is defined as 

 ̂(𝑥 𝑝  )   𝑒 
 ( 𝑝  

    𝑝  )
  
( 𝑝  

    )  (6) 
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where   (    2 …   𝑛)
 ,    be the diagonal matrix of weights with    𝑘ℎ(𝑥𝑖 − 𝑥) and 𝑒 is the 

(𝑝 + 1) × 1 vector having 1 in the first entry and zeros elsewhere, and  𝑝   denotes the design matrix 

(𝑛 × (𝑝 + 1)) Whose (𝑖 𝑗) the element is (𝑥𝑖 − 𝑥)
𝑗  . To demonstrate how this estimator works and 

several useful examples of the local polynomial kernel estimation procedures (5, 7). 

The Role of Smoothing Parameter or the Bandwidth 𝒉   
The 𝐿𝑃𝐾 estimator is composed of three elements: first, the kernel function 𝐾; second, the polynomial 

order 𝑝; and third, the smoothing parameter, also known as the bandwidth  . 
The selection of the smoothing parameter, or bandwidth  , is widely recognized as the most critical 
consideration when applying the Local Polynomial Kernel (𝐿𝑃𝐾) estimator. A very small bandwidth 
reduces the modeling bias because fewer data points fall within the local neighborhood; however, this 
results in a higher variance. Conversely, a very large bandwidth increases the modeling bias due to the 
influence of the underlying function, while reducing variance. Therefore, the bandwidth fundamentally 
controls the complexity of the model by mediating the trade-off between bias and variance (2,5,9,10). 

The Problem Statement  
Although the local polynomial kernel (   ) regression model offers considerable flexibility and 
accurate estimation, its performance critically depends on the choice of the bandwidth parameter (𝒉). 
An inappropriate selection of 𝒉 can lead to two major issues: over-smoothing, which occurs when 𝒉 is 
too large and causes the loss of fine-scale details, and under-smoothing, which arises when 𝒉 is too 
small, producing a highly variable model with excessive fluctuations. 

The central research problem addressed in this study is the selection of an appropriate bandwidth   
using effective data-driven strategies to obtain smooth and reliable estimates of the mean regression 
function  (𝑥).  

The Objectives Study  
The objectives of this study are to: 
1. Evaluate four bandwidth selection strategies for smoothing the mean regression function ( (𝑥))  

namely the Direct Plug-in ( 𝑃 ) Criterion, Cross-Validation (  ) Criterion, Rule of Thumb (  ) 
Criterion, and Residual Sum of Squares Criterion (   ). 

2. Compare the performance of these bandwidth selection strategies under different sample sizes, 
error distributions, regression function shapes, and design settings, including fixed and random 
designs. 

3. Investigate the effects of sample size, regression-function shape, error distribution, and design 
setting on the accuracy of the estimated mean regression function. 

4. Assess and compare the performance of the competing bandwidth selectors using average bias 
( 𝐵𝑖𝑎 )  average variance (  𝑎𝑟)  and root average mean squared error (  𝑀 𝐸). 

METHODOLOGY 
This section presents the theoretical framework for bandwidth selection in local polynomial kernel 
regression, with particular emphasis on estimating and smoothing the mean regression function  (𝑥) 
under fixed and random design setting. Four bandwidth selection strategies are considered: Direct 
Plug-In ( 𝑃 ), Residual Sum of Square Criterion (   ), Cross-Validation (  ), and Rule-of-Thumb 
(  ) (11). 

Bandwidth Selection Strategies:  
i. Direct Plug-In (𝑫 𝑰): This method relies on accurate estimation of certain theoretical quantities 

related to data density. 
ii. Residual Sum of Squares Criterion (𝑹𝑺𝑪): This criterion focuses on minimizing the sum of 

squared residual errors. 
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iii. Cross-Validation (𝑪𝑽): This method divides the data into two sets: a training set and a test set, 
and selects the bandwidth that minimizes the predictive error on the test set. 

iv. Rule-of-Thumb (𝑹𝑻): This method uses simplified mathematical formulas to estimate the 
bandwidth based on the characteristics of the data. 

 
1) The Direct Plug-In (𝑫 𝑰) Bandwidth Selection Strategy:  The bias term in the case of local linear 
kernel estimator   ̂(x; 1, h) when utilizing the fixed design case can be seen as 

𝑏𝑖𝑎 ( ̂(𝑥 1  ))  𝐸, ̂(𝑥 1  )- −  (𝑥)  (1 2⁄ ) 
′′(𝑥) 2𝜇2(𝑘) + 𝑂(𝑛

  ) + 𝑜( 2) (7) 

where 𝜇2(𝐾)  ∫ 𝑧
2 𝐾(𝑍)𝑑𝑧 and the notation 𝑜(𝑛  ) means that some quantity is less than a constant 

multiplied of 𝑛  . Once 𝑛 is sufficiently large (i.e. limn→∞ 

𝑂(𝑛−1)

𝑛−1
 ≤  ) and the notation o( 2) means 

that as  → 0 the quantity o( 2) converges to zero with rate of h2 (i.e. limn→0 

𝑜(ℎ2)

ℎ2
 ≤ 0) whereas the 

variance term in the case of the local linear kernel estimator   ̂(x; 1,h)  when utilizing the fixed design 
case can be seen as 

 𝑎𝑟, ̂(𝑥 1  )-  (𝑛 )   (𝐾)𝑣(𝑥) + 𝑜(𝑛 )  , (8) 

where  (𝐾)  ∫𝐾(𝑧)2 𝑑𝑥, and 𝑜(𝑛 )   is defined as above.  

Thus, the 𝑀 𝐸 as a point-wise measure of consistency of the estimator  ̂(𝑥 1  ) is given by 

𝑀 𝐸* ̂(𝑥 1  )+  𝐸* ̂(𝑥 1  ) −  (𝑥)+2 

  𝐸, ̂(𝑥 1  ) −  (𝑥)-2 +  𝑎𝑟* ̂(𝑥 1  )+ 

  𝑏𝑖𝑎 2* ̂(𝑥 1  )+ +  𝑎𝑟* ̂(𝑥 1  )+ 

  (1 2⁄ ) 
′′(𝑥) 2𝜇2(𝑘) + 𝑂(𝑛

  ) + 𝑜( 2) + 𝑛 )   (𝐾)𝑣(𝑥) + 𝑜(𝑛 )   

The suitable global loss criterion, since it consists of the two important properties of the estimator 
namely: Bias and Variance, to obtain asymptotically optimal bandwidth, is the mean integrated squared 
error (𝑀  𝐸) of  ̂(.  1  ). It is given by 

𝑀  𝐸, ̂(.  1  )  𝐸(∫* ̂(𝑥 1  ) −  (𝑥)+2 𝑑𝑥) 

 𝑛      (𝑘)∫𝑣(𝑥) 𝑑𝑥 +  4*𝜇2(𝑘)/2+
2∫ ′′(𝑥)2 𝑑𝑥 + 𝑜𝑝*(𝑛 )  +  4+ 

Similarly, we can obtain the conditional bias term in the case of local linear kernel estimator   ̂(𝑥 1  ) 
in the random design as follows: 

,𝐸* ̂(𝑥 1  )+ −  (𝑥)(  
𝑛)  -  2   ′′(𝑥) 2𝜇2(𝐾) + 𝑜𝑝( 

2), 

where the notation 𝑜𝑝( 2) denotes smaller order in the probability,  "(𝑥) and  𝜇2(𝐾) are as defined 
earlier. However, the variance term in the case of local linear kernel estimator  ̂(𝑥  1  ) in the random 
design is as follows: 

 𝑎𝑟, ̂(𝑥 1  )(  
𝑛)  -  𝑛    (𝐾)(𝑏(𝑥))   (9) 

In both design settings, the bias expression purely depends on x through g"(x) which reflects the error 
of the linear fitting. Moreover, the higher amount of curvature in   the more bias produced by the local 
linear fit. On the other hand, Eq. (9) reflects the reality that the variance is punished by larger 
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conditional variance and sparser data distributed around the point x. However, if 𝑏(. ) is uniform then it 
will serve as deflection factor in the approximating variance term (7) . 

Having obtained the conditional variance term, we can add again it to the squared of the conditional 
bias term to form the conditional mean squared error (𝑀 𝐸). Thus, the 𝑀 𝐸 as a pointwise measure of 
consistency of the estimator  ̂(𝑥 1  )  is given by 

𝑀 𝐸{ ̂(𝑥 1  )(  
𝑛)  } = 𝐸* ̂(𝑥 1  ) −  (𝑥)(  

𝑛)  +2 

 = 𝐸* ̂(𝑥 1  ) −  (𝑥)(  
𝑛)  +2 +   𝑎𝑟, ̂(𝑥 1  )(  

𝑛)  - 

 =𝑏𝑖𝑎 2* ̂(𝑥 1  )(  
𝑛)  + +  𝑎𝑟, ̂(𝑥 1  )(  

𝑛)  - 

 =,2   ′′(𝑥) 2𝜇2(𝐾) + 𝑜𝑝( 
2)-2 + *(𝑛 )   (𝐾)(𝑏(𝑥))  +𝑣(𝑥) +

𝑜𝑝(𝑛 )  + 

The most suitable global loss criterion, to obtain an asymptotically optimal bandwidth, is the 
conditional mean integrated squared error (𝑀  𝐸) of  ̂(.  1  ),  and is given by 

𝑀  𝐸{ ̂(.  1  )(  
𝑛)  } = 𝐸(∫* ̂(𝑥 1  ) −  ̂(𝑥)+2𝑏(𝑥) 𝑑𝑥 (  

𝑛)  ) 

 = (𝑛 )   (𝐾) ∫ 𝑣(𝑥) 𝑑𝑥 +  4*𝜇2(𝐾)2
  +2 ∫ ′′(𝑥)2 𝑏(𝑥) 𝑑𝑥 +

𝑜𝑝*(𝑛 )  +  4+        (10) 

The Direct Plug-In (𝑫 𝑰) Bandwidth Selection to Smooth the Mean Regression Function:  
The Direct Plug-in (𝑫 𝑰) bandwidth selectors are based on the simple idea of "plugging in" estimates 
of the unknown quantities that appear in formulae for the asymptotically optimal bandwidth (12) . In 
the case of local linear kernel estimator, the asymptotical bandwidth under  𝑰𝑺𝑬 criterion (13) .  can 
be seen as 

 𝑀𝐼𝑆𝐸    (𝑘),∫ 𝑣(𝑥) 𝑑𝑥  *∫ 𝑥
2𝑏(𝑥) 𝑑𝑥+  - /5, (11) 

where    (𝑘)  , (𝐾)*𝜇2(𝐾)
2- /5  ,2√𝜋- /5 is only a constant depending on the kernel function and 

the order polynomial 𝑝. It is very obvious that Plugin bandwidth strategies rely on replacing the 
unknown integrals in Eq. (11) by appropriate estimators.  

Ruppert et al. (1995) investigated the kernel estimation of regression functional of the form 
 

𝜃𝑟𝑠  ∫ 
(𝑟)(𝑥) (𝑠)(𝑥)𝑏(𝑥) 𝑑𝑥  𝑟  ≥ 0; 𝑟 +   even (12) 

They found that the natural kernel-type estimator of 𝜃22 is   

𝜃̂22( )  𝑛
  ∑ , ̂(2)𝑛

𝑖= ( 𝑖 3  )-, (13) 

where  ̂(2)( 𝑖 3  )  2! 𝑒3
 ( 3

      3  )
  ( 3

      ). 

Clearly, this leads to new bandwidth selection problem of   . The optimal bandwidth for   is obtained 
by minimizing the squared bias term that appear in the conditional 𝑀 𝐸 approximation expression (13)  

 𝐴𝑀𝑆𝐸   2(𝐾),𝜎
2(𝑏 − 𝑎)/|𝜃24|𝑛-

 /7, (14) 

where,  2(𝐾)  ,3/8√𝜋-
 /7 if 𝜃24 < 0, and  2(𝐾)  ,15/16√𝜋-

 /7 if 𝜃24 > 0. 
The functional 𝜃24 and 𝜎2 that appear in optimal bandwidth  𝐴𝑀𝑆𝐸  Eq. (14), are obtained during 
partitioning the range of the   

𝑛 data into 𝑁 blocks. Then, fitting an ordinary least squares quadratic fit 
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for each block. To partition the range of the data, we let 𝑁 be the number of sub-samples and letting 𝑥𝑗 

denote 𝑗𝑡ℎsub-sample of the ordered 𝑡’  . If 𝑁 divides 𝑛 and 𝑧  𝑛/𝑁, then 𝑥𝑗   ((𝐽  )𝑍+ ) …   (𝐽𝑍)+. 

Otherwise, the allocations to sub-samples need some adjustments. Let  ̂𝑗
𝑄(𝑥) stands for the least 

squares quartic fit obtained from data having  𝐼 values in 𝑥𝑗. Thus, the blocked quartic estimators of 

𝜃𝑟𝑠 and 𝑚𝑎𝑥(𝑟  ) ≤ 4, are given by   

𝜃̂𝑟𝑠
𝑄 (𝑁)  𝑛  ∑∑( ̂𝑗

𝑄)(𝑟)( 𝑖)( ̂𝑗
𝑄)(𝑠)

𝑁

𝑗= 

𝑛

𝑖= 

( 𝑖)1*𝑋𝑖∈ 𝑗+ 

𝜎̂𝑄
2(𝑁)  (𝑛 − 5𝑁)  ∑∑*𝑦𝑖 −  ̂𝑗

𝑄( 𝑖)

𝑁

𝑗= 

𝑛

𝑖= 

( 𝐼)+
21{𝑋𝑖∈ 𝑗}. 

Although there are other possible ways to obtain these initial regression functional estimates, we have 
found during that the blocked quartic fit along with the use of mallows  𝑝 is a very successful practical 

approach (14, 15, 16, 17). 

The other unknown quantity in the optimal bandwidth Formula (10) is the variance ∫ 𝜐(𝑥)𝑑𝑥   (𝑏 −
 𝑎) 𝜎2. For local polynomial kernel regression, a natural approach is to extend the variance estimator of 
(18), which is based on the zero-degree least squares fit, to the first-degree setting. This leads to the 
first-degree variance estimator 

𝜎̂ 
2(𝜆)  𝑣  ∑ * 𝑖

𝑛

𝑖= 
−  ̂( 𝑖 1 𝜆)+

2 
(15) 

Here, 

𝑣  𝑛 − 2∑ 𝑤𝑖𝑖𝑖 + ∑ ∑ 𝑤𝑖𝑗
2

𝑗𝑖 , and 𝑤𝑖𝑗  𝑒 
 ( 𝑃  𝑖

    𝑖
  𝑃  𝑖)

  ( 𝑃  𝑖
    𝑖

 𝑒𝑗) (16) 

 
Once again, this leads to another new bandwidth selection problem of 𝜆. To obtain a rule for the choice 
of 𝜆, we appeal to the results for the conditional 𝑀 𝐸 of 𝜎̂ 

2(𝜆) (13). It follows that the asymptotically 
 𝑀 𝐸-optimal choice of 𝜆 is   

𝜆𝐴𝑀𝑆𝐸   3(𝐾),𝜎
4(𝑏 − 1)/𝜃22

2 𝑛2- /9, (17) 

where,  3(𝐾)  ,4(1 2⁄ + 2√2 − 4
3√3
⁄ )/√2𝜋- /9, and 𝜃22   𝜃̂22( ). 

We are now in a position to return to the optimal Plug-in bandwidth Eq. (11), and replacing the 
unknown quantities by their corresponding estimators  
 

 ̂𝑀𝐼𝑆𝐸    (𝐾),𝜎̂ 
2(𝜆̂𝐴𝑀𝑆𝐸)(𝑏 − 𝑎)/𝜃̂22( ̂𝐴𝑀𝑆𝐸)𝑛-

 /5 (18) 

  

THE SIMULATION STUDY 
The main purpose of the simulation study is to evaluate and compare the performance of four 
bandwidth selection strategies--Direct Plug-In ( 𝑃 ) selection procedure, Cross-validation (  ) 
Criterion, the Rule of Thumb (  ) Criterion, and Residual Sum of Square Criteria (   ) –for 
estimating the mean regression function  (𝑥). The simulation considers two experimental design 
setting: fixed (equally spaced) design and random design. Four regression functions with different 
shapes are considered, together with three sample sizes (𝑛  50 100, and 300) and two error 
distributions, normal and non-normal. Each simulation scenario is replicated 𝐿  500 time. 
Performance is assessed using average bias, average variance, and root average mean squared error 
(  𝑀 𝐸). 

Smooth the Mean Regression Functions 
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This section aims to conduct a simulation study in order to evaluate and compare the estimated mean 
regression functions. These, estimated regression curves are resulted from utilizing the four bandwidth 
selection procedures:  𝑃 ,           selection criteria. Since the regression analysis can be applied 
to both the fixed (equally-spaced) design and the random design, in the next subsections, we deal with 
each design setting separately. 

Description of the Experiment in the Fixed Design Setting 
We have conducted 24 simulation studies, using four different example regression functions, and four 
selection methods of the bandwidth selection strategies ( 𝑃       , and    ), and three different 
sample sizes 𝑛, and two different types of the errors' distribution. Each simulation study involves 
(𝐿  500) repetitions. For the error term, two distributions were considered: the standard normal 
distribution and a non-normal heavy-tailed distribution. Specifically, the non-normal errors were 
generated from a Student’s t-distribution with 3 degrees of freedom (𝜈   3). This distribution has 
mean 𝐸(𝜀)    0 and variance  𝑎𝑟(𝜀)    3 and was selected to represent errors with heavier tails and 
a higher probability of extreme observations than the normal distribution. In the simulation, the 
Student’s t errors were generated in   using the command 𝑒𝑟𝑟 < − 𝑟𝑡(𝑛 3). 
We consider four different example regression function, and for each regression function, the error 
variance was set according to the corresponding value of 𝜎 as reported in Table 1. The shape of these 
functions exhibited several features such as concave, convex, and flat parts. We have also chosen three 
different sample sizes of 𝑛  50, 𝑛  100 and 𝑛  300.  

Table 1: The Example Regression Functions used in the simulation study. 
Example 𝒈𝒊(𝒙) Interval Sigma 

1   (𝑥)    0.3 𝑒𝑥𝑝 (−16 (𝑥 −  0.25)
2)  +  0.7 𝑒𝑥𝑝 (−64 (𝑥 −  0.75)2) (0,1) 0.15 

2  2(𝑥)    0.75  𝑖𝑛 (3 𝜋 𝑥/2 +  1.25) (0,1) 0.6 
3  3(𝑥)    1 +  𝑖𝑛(𝑥)  +  2 𝑐𝑜 (𝑥) + 3  𝑖𝑛 (5 𝑥) (-1,1) 1.2 
4  4 (𝑥)    𝑖𝑛 (2 𝜋 𝑥3)

3 (0,1) 0.5 

Description of the Experiment in the Random Design Setting 
We have conducted another 24 simulation studies, using the same four different example regression 
functions (as present in Table 1), and four selection methods of the bandwidth selection strategies 
( 𝑃       , and    ), and three different sample sizes 𝑛 (50, 100, and 300), and two different types 
of the errors' distribution. Each simulation study involves (𝐿  500) repetitions. The same two error 
distributions described in Section 3.2, namely the standard normal distribution and the Student’s t-
distribution with 3 degrees of freedom (𝜈   3)  were used in the random-design simulations. 

RESULTS AND DISCUSSION 
Numerical Summary for Fixed Design Setting 
Having conducted the simulation runs using the (L=500) simulated data sets, we obtained the results 
that are tabulated in Tables 2-5. These tables display the numerical summary of results obtained using 
four different bandwidth selection procedures ( 𝑃       , and    ). Moreover, two error 
distributions were considered: the standard normal distribution and the Student’s t-distribution with 3 
degrees of freedom (𝜈   3),  representing non-normal heavy-tailed errors. The latter has mean zero 
and variance three with three different sample sizes of n=50, n=100, and n=300. The numerical 
summary includes three statistical properties, namely the Average Bias ( 𝐵𝑖𝑎 ), the Average Variance 
(  𝑎𝑟), and the Square Root of Average Mean Square Errors (  𝑀 𝐸). The formulae that we have 
been used to calculate  𝐵𝑖𝑎    𝑎𝑟, and   𝑀 𝐸 are as follows: 
 
 

 𝐵𝑖𝑎 ( ̂)  
 

𝑛
∑ 0

 

𝐿
∑  ̂𝐿
𝑗= (𝑥𝑖𝑗) −  (𝑥𝑖)1

𝑛
𝑖=                              (19) 
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    ( ̂)  
 

𝑛
∑ [

 

𝐿
∑  ̂2𝐿
𝑗= (𝑥𝑖𝑗) − .

 

𝐿
∑  ̂𝐿
𝑗= (𝑥𝑖𝑗)/

2

]𝑛
𝑖=          (20) 

  𝑀 𝐸( ̂)  √ 𝐵𝑖𝑎 ( ̂)2 +   𝑎𝑟( ̂)
2                                     (21) 

The numerical summary of results obtained using four different bandwidth selection strategies, 

 𝑃         and RSC criteria, from the simulation study using the first, the second, third, and fourth 

examples regression functions (fixed design setting) are given in Tables 2, 3, 4, and 5. In addition, the 

plots of true function and four other estimated functions using four different bandwidth selection 

strategies  𝑃       , and     criteria from the simulation study using the four examples regression 

functions (fixed design setting) are showing by Figures. 1, 2, 3, and 4. Note that, Normal = standard 

normal errors; and Student’s t (ν=3) = Student’s t-distributed errors with 3 degrees of freedom. 

Table 2. Summary of results from the simulation study using the first example regression function (Fixed Design 

Setting). 

Metric n 
𝑫 𝑰 

Normal 

𝑫 𝑰 

Non-N 

𝑪𝑽 

Normal 

𝑪𝑽 

Non-N 

𝑹𝑻 

Normal 

𝑹𝑻 

Non-N 

𝑹𝑺𝑪 

Normal 

𝑹𝑺𝑪 

Non-N 

𝑨𝑩𝒊𝒂𝒔 50 0.00095 0.00478 0.00126 0.00527 0.00132 0.01241 0.00071 0.00368 

𝑨𝑩𝒊𝒂𝒔 100 0.00059 0.00363 0.00087 0.00481 0.00076 0.01079 0.00049 0.00339 

𝑨𝑩𝒊𝒂𝒔 300 0.00026 0.00241 0.00036 0.00316 0.00027 0.00668 0.00022 0.00245 

𝑨𝒗𝒂𝒓 50 0.00602 0.17358 0.00708 0.17361 0.00806 0.18133 0.00649 0.19915 

𝑨𝒗𝒂𝒓 100 0.00361 0.09560 0.00509 0.09712 0.00481 0.10628 0.00372 0.10082 

𝑨𝒗𝒂𝒓 300 0.00137 0.03382 0.00220 0.03517 0.00150 0.04316 0.00132 0.03235 

𝑨𝑹 𝑺𝑬 50 0.08351 0.42233 0.09136 0.42294 0.09687 0.44016 0.08483 0.45036 

𝑨𝑹 𝑺𝑬 100 0.06478 0.31501 0.07721 0.31927 0.07462 0.34216 0.06494 0.32282 

𝑨𝑹 𝑺𝑬 300 0.04034 0.19034 0.05062 0.19579 0.04209 0.22323 0.03928 0.18653 

 

Table 3. Summary of results from the simulation study using the second example regression function (Fixed 

Design Setting). 

Metric n 
𝑫 𝑰 

Normal 

𝑫 𝑰 

Non-N 

𝑪𝑽 

Normal 

𝑪𝑽 

Non-N 

𝑹𝑻 

Normal 

𝑹𝑻 

Non-N 

𝑹𝑺𝑪 

Normal 

𝑹𝑺𝑪 

Non-N 

𝑨𝑩𝒊𝒂𝒔 50 0.00157 0.00130 0.00136 0.00115 0.00659 0.01012 0.00128 0.00144 

𝑨𝑩𝒊𝒂𝒔 100 0.00079 0.00156 0.00078 0.00172 0.00352 0.00827 0.00071 0.00145 

𝑨𝑩𝒊𝒂𝒔 300 0.00074 0.00103 0.00064 0.00102 0.00159 0.00400 0.00068 0.00094 

𝑨𝒗𝒂𝒓 50 0.05080 0.16893 0.04895 0.16692 0.07207 0.19084 0.05886 0.19815 

𝑨𝒗𝒂𝒓 100 0.02828 0.08992 0.02834 0.09210 0.04680 0.11296 0.03116 0.09760 

𝑨𝒗𝒂𝒓 300 0.01042 0.03198 0.00884 0.03179 0.02025 0.05103 0.01046 0.03145 

𝑨𝑹 𝑺𝑬 50 0.22884 0.41259 0.22430 0.40996 0.28045 0.44828 0.24525 0.44675 

𝑨𝑹 𝑺𝑬 100 0.17052 0.30246 0.17065 0.30630 0.22433 0.34818 0.17851 0.31471 

𝑨𝑹 𝑺𝑬 300 0.10564 0.18169 0.09738 0.18115 0.14777 0.23459 0.10552 0.17997 
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Table 4. Summary of results from the simulation study using the third example regression function (Fixed Design 
Setting). 

Metric n 
𝑫 𝑰 

Normal 
𝑫 𝑰 

Non-N 
𝑪𝑽 

Normal 
𝑪𝑽 

Non-N 
𝑹𝑻 

Normal 
𝑹𝑻 

Non-N 
𝑹𝑺𝑪 

Normal 
𝑹𝑺𝑪 

Non-N 

𝑨𝑩𝒊𝒂𝒔 50 0.04678 0.04134 0.04921 0.04490 0.05090 0.04615 0.03394 0.03104 

𝑨𝑩𝒊𝒂𝒔 100 0.02276 0.02042 0.02586 0.02363 0.02575 0.02434 0.01970 0.01820 

𝑨𝑩𝒊𝒂𝒔 300 0.01142 0.01393 0.01224 0.01409 0.01075 0.01339 0.00972 0.01223 

𝑨𝒗𝒂𝒓 50 0.21474 0.24393 0.22630 0.26559 0.24600 0.28127 0.23942 0.26454 

𝑨𝒗𝒂𝒓 100 0.12619 0.13967 0.16057 0.17688 0.16223 0.18586 0.12859 0.14226 

𝑨𝒗𝒂𝒓 300 0.04915 0.05467 0.06371 0.05746 0.03802 0.04667 0.04935 0.05436 

𝑨𝑹 𝑺𝑬 50 0.51139 0.53411 0.52489 0.55721 0.54489 0.57221 0.52283 0.54368 

𝑨𝑹 𝑺𝑬 100 0.38594 0.40011 0.43177 0.44777 0.43357 0.45847 0.38508 0.40058 

𝑨𝑹 𝑺𝑬 300 0.24610 0.26190 0.27559 0.26750 0.22083 0.24507 0.24304 0.25804 

 
Table 5. Summary of results from the simulation study using the fourth example regression function (Fixed Design 

Setting). 

Metric n 
𝑫 𝑰 

Normal 
𝑫 𝑰 

Non-N 
𝑪𝑽 

Normal 
𝑪𝑽 

Non-N 
𝑹𝑻 

Normal 
𝑹𝑻 

Non-N 
𝑹𝑺𝑪 

Normal 
𝑹𝑺𝑪 

Non-N 
𝑨𝑩𝒊𝒂𝒔 50 0.01258 0.02394 0.02275 0.03172 0.01560 0.04600 0.01435 0.02349 

𝑨𝑩𝒊𝒂𝒔 100 0.00651 0.01625 0.01730 0.02814 0.00791 0.03027 0.00989 0.02172 

𝑨𝑩𝒊𝒂𝒔 300 0.00333 0.00915 0.01195 0.02170 0.00298 0.01402 0.00512 0.01744 

𝑨𝒗𝒂𝒓 50 0.03747 0.18232 0.05805 0.18982 0.04794 0.22076 0.04139 0.20809 

𝑨𝒗𝒂𝒓 100 0.02381 0.11754 0.05216 0.13476 0.03104 0.14815 0.02332 0.11324 

𝑨𝒗𝒂𝒓 300 0.00979 0.04746 0.03710 0.07437 0.00875 0.06295 0.00880 0.04022 

𝑨𝑹 𝑺𝑬 50 0.22371 0.45416 0.28427 0.47068 0.25207 0.51648 0.23611 0.48123 

𝑨𝑹 𝑺𝑬 100 0.17412 0.36576 0.26356 0.40361 0.19736 0.42240 0.18222 0.36737 

𝑨𝑹 𝑺𝑬 300 0.11452 0.23794 0.22147 0.30995 0.10832 0.27744 0.11798 0.24013 

 

Having a close look at Table 2-5, we have made several comparisons as following:  

Regarding the Bias measure (𝑨𝑩𝒊𝒂𝒔): All bandwidth selection criteria have shown a significant 
improvement in performance with increasing sample sizes. As the sample size increases, the numerical 
values of  𝐵𝑖𝑎  decrease, reflecting the increased consistency of the estimates, with an exception in 
 2(𝑥) where there is an irregular decrease (2,3) . This emphasizes the importance of using sufficient 
sample sizes to achieve accurate and reliable results regardless the choice of the example regression 
functions (14,15). 

The   (𝑥),  3(𝑥), and g4(x) have shown a considerable reduction in  𝐵𝑖𝑎  estimated values as the 
error terms changes from non-normally to normally distributed regardless the choice of the bandwidth 
selection criteria. This emphasizes the importance of the normality assumption in order to achieve 
fewer bias results. There are two exceptions when 𝑛  50 with    and  𝑃  bandwidth selection 
criteria for all example regression functions used. 
It has been noticed that the    and     bandwidth selection criteria have attained higher ABias terms, 
suggesting that they may be less accurate in estimating parameters under certain conditions. While the 
 𝑃  and    bandwidth selection criteria have provided smaller bias terms (9,17) . This have been seen 
in all example regression functions as well as in both normally distributed errors and non-normally 
distributed errors. 



 

766 
 

Regarding the Variance measure (𝑨𝑽𝒂𝒓): Once again, all bandwidth selection criteria have shown a 
substantial decrease in   𝑎𝑟 estimated values as the sample sizes 𝑛 increase regardless the choice of 
the example regression function used (2). 

Generally, all bandwidth selection criteria have shown a considerable increase in   𝑎𝑟 estimated 
values as the error terms changes from normally to non-normally distributed the regardless the choice 
of the example regression function. This emphasizes again the importance of the normality assumption 
in order to achieve less variance results (15) . 

Regarding the Root Means Squared Error measure (𝑨𝑹 𝑺𝑬): Regarding the Root Average Mean 
Squared Error measure (  𝑀 𝐸)  the results show that the magnitude of the error measure varied 
across the bandwidth selection criteria, regression functions, sample sizes, and error distributions. The 
 𝑃  procedure generally produced comparatively small   𝑀 𝐸 values across many of the investigated 
scenarios; however, it did not consistently achieve the smallest value in every case. In some scenarios, 
   or     produced comparable or smaller   𝑀 𝐸 values. Therefore, the relative performance of the 
bandwidth selection procedures should be interpreted according to the specific simulation conditions 
rather than through a universal ranking (9,13). 

When comparing the normal and non-normal error distributions under the DPI bandwidth selection 
procedure, the results generally show smaller error measures under normally distributed errors across 
the investigated sample sizes and regression functions. This pattern indicates that the presence of 
heavy-tailed errors can increase the difficulty of accurately estimating the mean regression function. 
However, this observation should be interpreted within the simulation settings considered in the present 
study. 

The non-normal distributed errors represent a greater challenge in accurately estimating parameters 
(14). This emphasizes the need to carefully choose the bandwidth selection criterion based on the 
characteristics of the data used. 

To sum up all of the above: To summarize the fixed-design results, the    and     bandwidth 
selection procedures produced relatively larger bias values in several simulation scenarios, whereas 
 𝑃  and    generally produced comparatively smaller bias values. Nevertheless, the differences 
among the procedures varied according to the regression function, sample size, and error distribution. 
The variance measure generally increased under Student’s t errors compared with normal errors, 

indicating the greater variability associated with heavy-tailed error distributions. Overall, the results 
suggest that bandwidth selection should be considered in relation to the characteristics of the particular 
estimation scenario. 

In summary, the fixed-design results indicate that  𝑃  performed competitively across a substantial 
proportion of the investigated scenarios and frequently produced relatively small bias and   𝑀 𝐸 
values. However, the results do not support a universal superiority of  𝑃  over the other bandwidth 
selection procedures. The relative performance of  𝑃 ,   ,   , and     depended on the regression-
function shape, sample size, and error distribution. These findings emphasize the importance of 
evaluating bandwidth selection procedures under the specific characteristics of the data and estimation 
problem (9,13,17). 
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(a) Normal errors,  𝒏  𝟓𝟎 

 
 

(b) Non-normal errors,  𝒏  𝟓𝟎 

 
 

(c) Normal errors,  𝒏  𝟏𝟎𝟎 

 
 

(d Non-normal errors,  𝒏  𝟏𝟎𝟎 

 
 

(e) Normal errors,  𝒏  𝟑𝟎𝟎 

 
 

(f) Non-normal errors,  𝒏  𝟑𝟎𝟎 

 
 

Figure 1.  Estimated mean regression function (g( )) under the fixed-design setting for the first example 
regression function. Panels (a)–(f) correspond to normal and Student’s t (  3) error distributions for sample 
sizes (n=50), (100), and (300). The curves represent the true regression function and the estimates obtained using 
the DPI, RSC, CV, and RT bandwidth selection strategies. 
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 (a) Normal errors,  𝒏  𝟓𝟎 

 
 

(b) Non-normal errors,  𝒏  𝟓𝟎 

 
 

(c) Normal errors,  𝒏  𝟏𝟎𝟎 

 
 

(d) Non-normal errors,  𝒏  𝟏𝟎𝟎 

 
 

(e) Normal errors,  𝒏  𝟑𝟎𝟎 

 
 

(f) Non-normal errors,  𝒏  𝟑𝟎𝟎 

 
 

Figure 2. Estimated mean regression function (g( )) under the second-design setting for the first example 
regression function. Panels (a)–(f) correspond to normal and Student’s t (  3) error distributions for sample 
sizes (n=50), (100), and (300). The curves represent the true regression function and the estimates obtained using 
the DPI, RSC, CV, and RT bandwidth selection strategies. 
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(a) Normal errors,  𝒏  𝟓𝟎 

 
 

(b) Non-normal errors,  𝒏  𝟓𝟎 

 
 

(c) Normal errors,  𝒏  𝟏𝟎𝟎 

 
 

(d) Non-normal errors,  𝒏  𝟏𝟎𝟎 

 
 

(e) Normal errors,  𝒏  𝟑𝟎𝟎 

 
 

(f) Non-normal errors,  𝒏  𝟑𝟎𝟎 

 
 

Figure 3. Estimated mean regression function (g( )) under the third-design setting for the first example regression 
function. Panels (a)–(f) correspond to normal and Student’s t (  3) error distributions for sample sizes (n=50), 
(100), and (300). The curves represent the true regression function and the estimates obtained using the DPI, RSC, 
CV, and RT bandwidth selection strategies. 
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(a) Normal errors,  𝒏  𝟓𝟎 

 
 

(b) Non-normal errors,  𝒏  𝟓𝟎 

 
 

(c) Normal errors,  𝒏  𝟏𝟎𝟎 

 
 

(d) Non-normal errors,  𝒏  𝟏𝟎𝟎 

 
 

(e) Normal errors,  𝒏  𝟑𝟎𝟎 

 
 

(f) Non-normal errors,  𝒏  𝟑𝟎𝟎 

 
 

Figure 4. Estimated mean regression function (g( )) under the fixed-design setting for the fourth example 
regression function. Panels (a)–(f) correspond to normal and Student’s t (  3) error distributions for sample 
sizes (n=50), (100), and (300). The curves represent the true regression function and the estimates obtained using 
the DPI, RSC, CV, and RT bandwidth selection strategies. 
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Figures. 1- 4 plot the true curve and the four other estimated curves; each describes the average curve 
results from 500 runs. The estimated curves are obtained using four different bandwidth selection 
procedures ( 𝑃 , Rule of Thumb, Cross-validation, and    ) in two different error-type distributions 
(normally and non-normally distributed errors). The errors are normally distributed (left-hand side 
panels in Figures. 1-4) and non-normally distributed (right-hand side panels in Figures. 1-4). Three 
different sample sizes (𝑛   50, 100, and 300) and four example regression functions 
  (𝑥)  2(𝑥)  3(𝑥), and  4(𝑥), respectively. 

By examining Figures. 1-4 closely, we have noticed the following points: First, the estimated curves 
obtained using the different bandwidth selection procedures showed noticeable differences across 
sample sizes. In several scenarios with (𝑛  50)  the curves obtained using  𝑃  followed the true 
regression functions relatively closely, whereas at (𝑛  300)  the     procedure also produced curves 
that closely followed the true functions in several scenarios. These observations indicate that the 
graphical performance of the bandwidth selection procedures varies with sample size and regression-
function shape. Second, the estimated curves obtained using the normally distributed errors result in 
optimum curves that succeed in capturing almost all the features of the true curves compared with 
those obtained using the non-normally distributed errors. Third, the    and    procedures also 
produced reasonable estimates in several scenarios, although greater variation was observed across the 
regression functions and error distributions. The differences among  𝑃 ,    ,   , and    were more 
noticeable under Student’s t errors, indicating that the effect of the bandwidth selection procedure 

depends on the underlying simulation conditions. 

Numerical Summary for Random Design Setting 
Again, the numerical summary of results obtained using four different bandwidth selection strategies, 
 𝑃       , and RSC criteria, from the simulation study using the first, second, third, and fourth 
examples regression functions (random design setting) are given in Tables 6, 7, 8, and 9. Moreover, the 
plots of true function and four other estimated functions using four different bandwidth selection 
strategies  𝑃       , and RSC criteria from the simulation study using the four examples regression 
functions (random design setting) are showing by Figures. 5, 6, 7, and 8. Note that, Normal = standard 
normal errors; and Student’s t (ν=3) = Student’s t-distributed errors with 3 degrees of freedom. 

Table 6. Summary of results from the simulation study using the first example regression function (Random Design 
Setting). 

Metric n 
𝑫 𝑰 

Normal 
𝑫 𝑰 

Non-N 
𝑪𝑽 

Normal 
𝑪𝑽 

Non-N 
𝑹𝑻 

Normal 
𝑹𝑻 

Non-N 
𝑹𝑺𝑪 

Normal 
𝑹𝑺𝑪 

Non-N 
𝑨𝑩𝒊𝒂𝒔 50 0.00230 0.00435 0.00238 0.00463 0.00229 0.01118 0.01098 0.01348 

𝑨𝑩𝒊𝒂𝒔 100 0.00135 0.00521 0.00138 0.00585 0.00135 0.01407 0.00092 0.00654 

𝑨𝑩𝒊𝒂𝒔 300 5.411𝑒 0.5 0.00319 0.00017 0.00438 4.673𝑒 0.5 0.00923 0.00104 0.00445 

𝑨𝒗𝒂𝒓 50 0.00052 0.30916 0.00174 0.30899 0.00049 0.31705 0.00066 0.47039 

𝑨𝒗𝒂𝒓 100 0.00037 0.16771 0.00182 0.16783 0.00069 0.18367 0.00038 0.21662 

𝑨𝒗𝒂𝒓 300 0.00013 0.05882 0.00204 0.06076 3.720𝑒 0.5 0.07039 0.00019 0.06560 

𝑨𝑹 𝑺𝑬 50 0.05312 0.55992 0.06418 0.56001 0.05270 0.57292 0.10786 0.6956 

𝑨𝑹 𝑺𝑬 100 0.04139 0.41584 0.05661 0.41675 0.04513 0.44468 0.03605 0.47240 

𝑨𝑹 𝑺𝑬 300 0.01361 0.24902 0.04696 0.25523 0.00309 0.28218 0.03510 0.26468 

 

 

 

 

 



 

771 
 

 

Table 7. Summary of results from the simulation study using the second example regression function (Random 
Design Setting). 

Metric n 𝑫 𝑰 
Normal 

𝑫 𝑰 
Non-N 

𝑪𝑽 
Normal 

𝑪𝑽 
Non-N 

𝑹𝑻 
Normal 

𝑹𝑻 
Non-N 

𝑹𝑺𝑪 
Normal 

𝑹𝑺𝑪 
Non-N 

𝑨𝑩𝒊𝒂𝒔 50 0.00293 0.00263 0.00281 0.00258 0.00859 0.01260 0.02917 0.02006 

𝑨𝑩𝒊𝒂𝒔 100 0.00174 0.00226 0.00160 0.00263 0.00456 0.01118 0.02191 0.01410 

𝑨𝑩𝒊𝒂𝒔 300 0.00280 0.00153 0.00050 0.00168 0.00109 0.00656 0.00280 0.02251 

𝑨𝒗𝒂𝒓 50 0.04255 0.27837 0.03997 0.27879 0.06866 0.30718 0.04712 0.42518 

𝑨𝒗𝒂𝒓 100 0.02433 0.18782 0.02350 0.19120 0.03530 0.19763 0.02782 0.22123 

𝑨𝒗𝒂𝒓 300 0.00767 0.06452 0.00634 0.06601 0.01496 0.81315 0.00901 0.77110 

𝑨𝑹 𝑺𝑬 50 0.21328 0.53009 0.20684 0.53044 0.27794 0.56548 0.27619 0.66727 

𝑨𝑹 𝑺𝑬 100 0.16147 0.43599 0.15844 0.44027 0.19966 0.45696 0.22302 0.48511 

𝑨𝑹 𝑺𝑬 300 0.09081 0.25700 0.08275 0.26017 0.12670 0.29644 0.10868 0.31563 

 

Table 8. Summary of results from the simulation study using the third example regression function (Random 
Design Setting). 

Metric n 
𝑫 𝑰 

Normal 
𝑫 𝑰 

Non-N 
𝑪𝑽 

Normal 
𝑪𝑽 

Non-N 
𝑹𝑻 

Normal 
𝑹𝑻 

Non-N 
𝑹𝑺𝑪 

Normal 
𝑹𝑺𝑪 

Non-N 
𝑨𝑩𝒊𝒂𝒔 50 0.47093 1.15522 0.468 1.17104 0.48748 1.15584 1.11991 1.12075 

𝑨𝑩𝒊𝒂𝒔 100 0.03659 0.09493 0.03690 0.09654 0.04324 0.10349 0.28929 0.59055 

𝑨𝑩𝒊𝒂𝒔 300 0.01427 0.02674 0.01369 0.02448 0.01389 0.02535 0.64055 0.25292 

𝑨𝒗𝒂𝒓 50 0.25215 0.36940 0.08850 0.10527 0.53943 0.49240 0.27008 0.49849 

𝑨𝒗𝒂𝒓 100 0.13772 0.23407 0.13327 0.23418 0.23272 0.33402 0.15341 0.27185 

𝑨𝒗𝒂𝒓 300 0.04989 0.09778 0.04016 0.06738 0.04587 0.08341 0.05544 0.10876 

𝑨𝑹 𝑺𝑬 50 0.85034 1.23476 0.74599 1.12974 1.01337 1.28384 1.17898 1.27249 

𝑨𝑹 𝑺𝑬 100 0.41751 0.57359 0.41252 0.57509 0.52532 0.66145 0.66536 0.92865 

𝑨𝑹 𝑺𝑬 300 0.25331 0.35287 0.23204 0.30309 0.24447 0.32978 0.93426 0.60140 

 

Table 9. Summary of results from the simulation study using the fourth example regression function (Random 
Design Setting). 

Metric n 
𝑫 𝑰 

Normal 
𝑫 𝑰 

Non-N 
𝑪𝑽 

Normal 
𝑪𝑽 

Non-N 
𝑹𝑻 

Normal 
𝑹𝑻 

Non-N 
𝑹𝑺𝑪 

Normal 
𝑹𝑺𝑪 

Non-N 
𝑨𝑩𝒊𝒂𝒔 50 0.01430 0.01940 0.02324 0.02960 0.01331 0.05418 0.13371 0.05104 

𝑨𝑩𝒊𝒂𝒔 100 0.00764 0.02897 0.01578 0.03766 0.00664 0.04852 0.02323 0.03672 

𝑨𝑩𝒊𝒂𝒔 300 0.00251 0.01630 0.01057 0.02829 0.00233 0.02502 0.00513 0.02608 

𝑨𝒗𝒂𝒓 50 0.01518 0.36562 0.03342 0.38072 0.01738 0.42460 0.01930 0.43164 

𝑨𝒗𝒂𝒓 100 0.00942 0.18612 0.03065 0.19376 0.00759 0.21811 0.01130 0.24864 

𝑨𝒗𝒂𝒓 300 0.00433 0.07764 0.03481 0.09416 0.00328 0.09830 0.00462 0.07597 

𝑨𝑹 𝑺𝑬 50 0.17169 0.62050 0.23804 0.64056 0.17518 0.69194 0.39117 0.69475 

𝑨𝑹 𝑺𝑬 100 0.13063 0.46377 0.21549 0.48106 0.11931 0.51637 0.18582 0.53419 

𝑨𝑹 𝑺𝑬 300 0.08272 0.30651 0.21303 0.34993 0.07493 0.35118 0.09870 0.31945 

 

Having a close look at Tables 6-9, that summarize the results of using several smoothing parameter 
selection criteria ( 𝑃 ,   ,   , and    ) across different example regression functions in Random 
Design setting: we have made several comparisons as following:  
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Regarding the Bias measure (𝑨𝑩𝒊𝒂𝒔) 
Sample size: As expected, all bandwidth selection criteria showed significant performance 
improvement as sample sizes increased. As the sample size increases, the numerical values of  𝐵𝑖𝑎  
decrease, reflecting increased consistency of the estimates. This emphasizes the importance of using 
sufficient sample sizes to achieve accurate and reliable results regardless of the choice of regression 
function. 

Assumption of normality: A significant reduction in the estimated  𝐵𝑖𝑎  values is observed when the 
error terms are transformed from non-normal distribution to normal distribution in the example 
regression functions   (𝑥)  3(𝑥)  and  4(𝑥). This reinforces the importance of assuming normality to 
achieve less biased results. There are exceptions when 𝑛  50 with the    and  𝑃  bandwidth 
selection criteria for all example regression functions used. 

Criteria Performance: The    and     bandwidth selection criteria showed higher  𝐵𝑖𝑎  values, 
indicating that they may be less accurate in estimating parameters under certain conditions. The  𝑃  
and    bandwidth selection procedures generally produced comparatively smaller  𝐵𝑖𝑎  values in a 
number of the investigated scenarios. However, the magnitude of the differences varied across 
regression functions, sample sizes, and error distributions. Therefore, the observed bias results do not 
indicate that one procedure consistently provides the smallest bias under all random-design conditions. 

Overall, the random-design results indicate that  𝑃  and    performed competitively with respect to 
bias in several simulation scenarios. At the same time, differences among the procedures were observed 
across regression functions, sample sizes, and error distributions. These findings support a scenario-
specific comparison of bandwidth selection procedures rather than a universal preference for a 
particular criterion. 

Regarding the Bias measure (𝑨𝑽𝒂𝒓) 

Sample size: As expected, all bandwidth selection criteria showed significant decreases in   𝑎𝑟 as 
sample sizes increased. This suggests that the precision of the estimates increases with increasing 
sample size regardless of the example regression function used. Using larger sample sizes helps reduce 
variability and increase the stability of results. 

Assumption of normality: In general, all bandwidth selection criteria showed a significant increase in 
the variance values (  𝑎𝑟) when the error terms were transformed from a normal distribution to a non-
normal distribution. This again reinforces the importance of assuming normality to achieve results with 
lower variance. A normal error distribution facilitates fewer variable estimates, while a non-normal 
distribution increases the challenges. 

Criteria Performance: Different criteria for bandwidth selection showed differences in performance. 
The  𝑃  and CV procedures showed comparatively stable variance estimates in several of the 
investigated scenarios, although their performance varied across regression functions and sample sizes. 
In contrast,    and RSC showed larger variance values in some scenarios, particularly under Student’s 

t errors. These differences suggest that the stability of a bandwidth selection procedure can depend on 
the characteristics of the regression function and the error distribution (19). 

   and     parameters showed greater variability, suggesting that they may be less stable in some 
circumstances. 

In summary, Increasing the sample size reduces the variance (  𝑎𝑟), which increases the accuracy of 
the estimates; the normal distribution of error terms reduces the variance, which enhances the accuracy 
of the results; the  𝑃  and    benchmarks showed better performance in terms of contrast, which 
indicates that they are more stable than other bandwidth selection criteria such as    and    . 
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Regarding the Bias measure (𝑨𝑹 𝑺𝑬) 

Sample size: All bandwidth selection criteria showed clear improvement in   𝑀 𝐸 values with 
increasing sample size. This is reflected in the small values of the   𝑀 𝐸 indicating that the precision 
of the estimates increases as the sample size increases. This pattern is observed across all example 
regression functions and across both normal and non-normal distributed error terms. 
Assumption of normality: The   𝑀 𝐸 results show differences among the bandwidth selection 
procedures across the investigated simulation scenarios. DPI produced comparatively small   𝑀 𝐸 
values in several cases, but it did not consistently yield the smallest value across all regression 
functions, sample sizes, and error distributions.   ,   , or     occasionally produced comparable or 
smaller   𝑀 𝐸 values. Consequently, the performance of the bandwidth selection procedures should 
be assessed with respect to the specific simulation scenario rather than assuming a consistent ordering 
among the methods. 
Criteria Performance: The bandwidth selection procedures showed different   𝑀 𝐸 patterns across 
the simulation scenarios.  𝑃  generally produced relatively small   𝑀 𝐸 values in a number of cases, 
while   ,   , and     also performed competitively under particular regression functions or sample 
sizes. The results therefore indicate that the relative performance of the procedures is scenario-
dependent, particularly when the error distribution changes from normal to Student’s t. 
In summary, the RAMSE results indicate that DPI performed competitively across many of the 
investigated scenarios and frequently produced relatively small error values. However, the smallest 
RAMSE was not obtained by DPI in every scenario. The performance of all four procedures was 
affected by sample size, regression-function shape, and error distribution, with Student’s t errors 

generally associated with larger error measures. These findings emphasize the importance of evaluating 
bandwidth selection procedures under the specific characteristics of the estimation problem. To 
summarize all of the above. 

The Bias measure (𝑨𝑩𝒊𝒂𝒔)  
Sample size: As sample sizes increase, the bias values ( 𝐵𝑖𝑎 ) for all bandwidth selection criteria 
decrease, reflecting increased consistency of the estimates. 
Assuming normality: Switching to normal distributed error terms reduces the bias values in the 
example regression functions   (𝑥)  3(𝑥), and  4(𝑥). There are exceptions at 𝑛  50 with the    and 
 𝑃  criteria. 
Criteria performance: The  𝑃  and    bandwidth selection procedures generally showed 
comparatively lower bias values in several of the investigated scenarios, whereas    and     
produced relatively higher bias values in some cases. Nevertheless, the magnitude and direction of 
these differences varied across the regression functions, sample sizes, and error distributions. Thus, the 
results do not imply a uniform performance ordering among the four procedures. 

The Variance measure (𝑨𝑽𝒂𝒓)  
Sample size: All bandwidth selection criteria showed a significant decrease in variance as sample size 
increased. 
Assuming normality: The normal distributed error terms reduces the variance values (  𝑎𝑟), which 
reinforces the importance of assuming normality to achieve fewer variable results. 
 

The Root Mean Square Error measure (𝑨𝑹 𝑺𝑬)  

DPI Performance: The  𝑃  procedure produced relatively small RAMSE values in several of the 
investigated scenarios. However, comparisons across the simulation settings show that   ,   , or     
could also produce smaller RAMSE values in particular cases. Therefore, the results indicate 
competitive performance of  𝑃  rather than consistent superiority over the other bandwidth selection 
procedures. 
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Normality assumption: The  𝑃  criterion prefers normally distributed error terms to achieve the 
lowest   𝑀 𝐸 values. 
Challenges with non-normal distributed errors: non-normal distributed errors make it more difficult 
to achieve accurate estimates, which reinforces the importance of choosing criteria based on the 
characteristics of the data. 
Overall, the results indicate that  𝑃  is a competitive bandwidth selection procedure for estimating the 
mean regression function. Its performance, however, varies according to the regression-function shape, 
sample size, error distribution, and design setting. The findings therefore support comparing the 
competing procedures within the specific characteristics of each estimation scenario. 

 
(a) Normal errors,  𝒏  𝟓𝟎 

 

(b) Non-normal errors,  𝒏  𝟓𝟎 

 

(c) Normal errors,  𝒏  𝟏𝟎𝟎 

 

(d) Non-normal errors,  𝒏  𝟏𝟎𝟎 

 

(e) Normal errors,  𝒏  𝟑𝟎𝟎 

 

(f) Non-normal errors,  𝒏  𝟑𝟎𝟎 

 

Figure 5.  Estimated mean regression function (g( )) under the random-design setting for the first example 
regression function. Panels (a)–(f) correspond to normal and Student’s t (  3) error distributions for sample 
sizes (n=50), (100), and (300). The curves represent the true regression function and the estimates obtained using 
the DPI, RSC, CV, and RT bandwidth selection strategies. 
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 (a) Normal errors,  𝒏  𝟓𝟎 

 

(b) Non-normal errors,  𝒏  𝟓𝟎 

 

(c) Normal errors,  𝒏  𝟏𝟎𝟎 

 

(d) Non-normal errors,  𝒏  𝟏𝟎𝟎 

 

(e) Normal errors,  𝒏  𝟑𝟎𝟎 

 

(f) Non-normal errors,  𝒏  𝟑𝟎𝟎 

 

Figure 6.  Estimated mean regression function (g( )) under the random-design setting for the second example 
regression function. Panels (a)–(f) correspond to normal and Student’s t (  3) error distributions for sample 
sizes (n=50), (100), and (300). The curves represent the true regression function and the estimates obtained using 
the DPI, RSC, CV, and RT bandwidth selection strategies. 
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 (a) Normal errors,  𝒏  𝟓𝟎 

 

(b) Non-normal errors,  𝒏  𝟓𝟎 

 

(c) Normal errors,  𝒏  𝟏𝟎𝟎 

 

(d) Non-normal errors,  𝒏  𝟏𝟎𝟎 

 

(e) Normal errors,  𝒏  𝟑𝟎𝟎 

 

(f) Non-normal errors,  𝒏  𝟑𝟎𝟎 

 

Figure 7.  Estimated mean regression function (g( )) under the random-design setting for the fithirdrst example 
regression function. Panels (a)–(f) correspond to normal and Student’s t (  3) error distributions for sample 
sizes (n=50), (100), and (300). The curves represent the true regression function and the estimates obtained using 
the DPI, RSC, CV, and RT bandwidth selection strategies. 
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 (a) Normal errors,  𝒏  𝟓𝟎 

 

(b) Non-normal errors,  𝒏  𝟓𝟎 

 

(c) Normal errors,  𝒏  𝟏𝟎𝟎 

 

(d) Non-normal errors,  𝒏  𝟏𝟎𝟎 

 

(e) Normal errors,  𝒏  𝟑𝟎𝟎 

 

(f) Non-normal errors,  𝒏  𝟑𝟎𝟎 

 

Figure 8. Estimated mean regression function (g( )) under the random-design setting for the fourth example 
regression function. Panels (a)–(f) correspond to normal and Student’s t (  3) error distributions for sample 
sizes (n=50), (100), and (300). The curves represent the true regression function and the estimates obtained using 
the DPI, RSC, CV, and RT bandwidth selection strategies. 

Figures. 5-8 plot the true curve and the four other estimated curves; each describes the average curve 
results from 500 runs. The estimated curves are obtained using four different bandwidth selection 
procedures ( 𝑃 , Rule of Thumb, Cross validation, and    ) in two different error types distributions 
(the normally and non-normally distributed errors). The errors' distributed once as normal (left hand 
side panels in Figures. 5-8) and the errors' non-normally distributed (right hand side panels in Figures, 
5-8). Three different sample sizes (50  100, and 300) and four example regression functions   (𝑥), 
 2(𝑥),  3(𝑥), and  4(𝑥) respectively. 
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By examining Figures. 5-8 closely, we have noticed the following points: First, all estimated curves 
have shown significant performance improvement as sample sizes increased. Second, the estimated 
curves obtained using the normally distributed errors result in optimum curves that succeed in 
capturing almost all the features of the true curves comparing with those obtain using the non-normally 
distributed errors. Third, the estimated curves obtained using ( 𝑃 ) selection strategy result in 
optimum curves almost in all examples regression functions whether the errors' distribution are either 
normal or non-normal, followed by the estimated curves result using (   ) bandwidth selection 
criterion in almost all examples regression functions under study whether the errors' distributed as 
normal or non-normal. Lastly, other bandwidth selection criteria (  , and   ) have performed quite 
well, the graphical panels have shown greater performance variation compared to  𝑃 , and     
especially in cases of non-normal distributed error terms. 

CONCLUSION 
This study evaluated four bandwidth selection procedures (Direct Plug-In ( 𝑃 ), Residual Sum of 
Squares Criterion (   ), Rule-of-Thumb (  ), and Cross-validation (  ) Criterion) for smoothing the 
mean regression function under fixed and Random design setting. The simulation study considered four 
regression function shapes, three sample sizes (50, 100, and 300), and two error distributions. The 
discussion is based on the numerical statistical aspect obtained from the simulation study. 

Discussion of the Simulation Results 
The purpose of this section is to summarize the simulation and the differences between the main results 
obtained from the study, also to make a statement the effect of the sample size (n), errors’ distribution 

either as normal or non-normal, and bandwidth selection setting of either fixed or random design using 
four well known bandwidth selection strategies namely (Direct Plug-In ( 𝑃 ), Residual Sum of 
Squares Criterion (   ), Rule-of-Thumb (  ), and Cross-validation (  ) Criterion). 

Smoothing the Mean Regression Functions: The first simulation study, conducted under both fixed 
and random design settings, provides clear insights into the performance of different bandwidth 
selection criteria ( 𝑃 ,   ,   , and    ) in estimating mean regression functions. The Key finding 
are as follows: 
Effect of Sample Size: Increasing sample size consistently improves accuracy by reducing bias 
( 𝐵𝑖𝑎 ), variance (  𝑎𝑟), and root mean squared error (  𝑀 𝐸) across all methods. Larger samples 
produce more stable and reliable estimates. 
Effect of Error Distribution: Assuming normality in error terms significantly reduces bias and 
variance, resulting in more accurate estimates. Non-normal error distributions create greater challenges 
for all criteria, highlighting the importance of distributional assumptions. 
Performance of Selection Criteria: The simulation results show that the relative performance of the 
four bandwidth selection procedures varies across the investigated conditions.  𝑃  produced 
comparatively small bias and   𝑀 𝐸 values in many scenarios and performed competitively overall. 
However, it did not consistently produce the smallest bias, variance, or   𝑀 𝐸 in every scenario.   , 
  , and     also produced competitive results under particular combinations of regression-function 
shape, sample size, error distribution, and design setting. Therefore, the results do not support a 
universal ranking of the four bandwidth selection procedures (20-23). 

In summary, the simulation study demonstrated that sample size and error distribution play a crucial 
role in the accuracy of smoothing mean regression functions. Larger sample sizes consistently reduced 
bias, variance, and error, while assuming normality in error terms improved estimation stability. Across 
the simulation scenarios considered in this study, the  𝑃  procedure generally produced comparatively 
small bias and   𝑀 𝐸 values. However, its performance varied according to the regression-function 
shape, sample size, error distribution, and design setting, and it did not achieve the smallest error 
measure in every scenario.    and RSC also performed competitively in several settings, while the 
performance of    varied across the investigated conditions. These findings indicate that bandwidth 
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selection should be evaluated according to the characteristics of the data and the specific estimation 
problem rather than through a universal ranking of the competing procedures (24). 

Recommendations 
Based on this study, future research may extend the present simulation framework to bandwidth 
selection for estimating derivatives of the mean regression function, including settings involving 
correlated errors (25) .  Moreover, Future studies could also consider bandwidth selection for 
estimating the regression function when the correlation structure of the errors is unknown (26-29)  . 
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 تقييم استراتيجيات اختيار عرض النطاق لتنعيم دالة الانحذار المتوسطة
  صخلملا

ً ين أنٌاNon-parametric regressionّؼُذ الانحذاس غْش انًؼهًِ ) ع ذحهْم الانحذاس انزُ لا ّرطهة ذحذّذ انشكم انذانِ ( نٌػا

نهؼلالح تْن يرغْش الاسرداتح ًانًرغْش انرنثؤُ انًشذثػ تو نًلاءيح نًٌرج يا نًدًٌػح ين انثْاناخ. ًذٌخذ غشق ػذّذج ًيخرهفح 

س اننٌاج يرؼذد انحذًد انًحه  local polynomial kernelِ )نلانحذاس غْش انًؼهًِ؛ ففِ ىزه انٌسلح انثحثْح، اسرخذينا يُمذ ِّ
estimator انزُ ّؼُشف ػادجً تاسى "ػشض -( يغ الاخرْاس الأيثم نًؼايم )أً يؼايلاخ( انرنؼْى. ًّؼُذ اخرْاس يؼايم انرنؼْى الأيثم

ساخ انمائًح ػهَ اننٌاج؛ إر ّهؼة ػشض اننطاق الأيثم دً -(bandwidthاننطاق" ) مذ ِّ ًُ ساً كثْشاً فِ ين أىى انًسائم ػنذ اسرخذاو ان

انكشف ػن تنْح انثْاناخ الأساسْح. ًلذ اسرخذينا ىنا أسهٌب انًحاكاج نهًماسنح تْن أستغ اسرشاذْدْاخ يخرهفح لاخرْاس ػشض اننطاق 

 Residual Sum of(، ًيؼْاس يدًٌع يشتؼاخ انثٌالِ )Direct Plug-inالأيثم، ًىِ: اسرشاذْدْح انرؼٌّط انًثاشش )
Squaresًيؼْاس ا ،)( نرحمك انًرماغغCross-Validation( ًيؼْاس انماػذج انردشّثْح ،)Rule of Thumb ًفِ سْاق ىزه .)

( Fixed Designالاسرشاذْدْاخ الأستغ لاخرْاس ػشض اننطاق الأيثم، ذى اننظش فِ إػذادّن يخرهفْن نهرصًْى: انرصًْى انثاتد )

الانحذاس ك، خشٍ اخرثاس أستغ دًال انحذاس يخرهفح نرنؼْى دانح يرٌسػ (. ًتالإظافح إنَ رنRandom Designًانرصًْى انؼشٌائِ )

g(x( كًا تحثنا فِ ذأثْش ثلاثح ػناصش ييًح: حدى انؼْنح ،)n (، ًذٌصّغ الأخطاء )ذٌصّغ غثْؼِ أً غْش غثْؼِ(، ًنٌع انرصًْى )ثاتد

 نَ نرائح يثْشج نلاىرًاو.إ -ذكشاس 500انرِ أخُشّد تٌالغ -أً ػشٌائِ(. ًلذ أفعد دساساخ انًحاكاج 

ساخ اننٌاج يرؼذدج انحذًد انًحهْح، اسرشاذْدْح الاخرْاس تانرؼٌّط انًثاشش ) الكلمات المفتاحية: (، يؼْاس يدًٌع Direct Plug-inيُمذ ِّ

 يشتؼاخ انثٌالِ، يؼْاس انرحمك انًرماغغ، يؼْاس انماػذج انردشّثْح.
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